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A Note on Group-Dependent Languages of

Simultaneous Equations

Abstract

We note that a type of group-dependent
language which consists of simultaneous
equations in bilinear groups are suitable to
attain security against collusion attacks.
Actually the Groth-Sahai proof system is capable
of generating proofs of knowledge of witnesses of

such language.

1 Introduction

A zero-knowledge proof system II [5] is an
interactive proof system between a prover
P and a verifier V, where P has unbounded
computational power, while the verifier V
has only polynomialtime power. On input a
statement x that belongs, or does not belong,
to a language L, P and V interact with each
other by sending and receiving messages, for
polynomially many times, then V returns 1 or
0, which means “z is accepted” or “rejected”,
respectively. II should satisfy three properties.
The first is completeness, which means that,
when z is in L, = is accepted by V with
overwhelming probability. The second is
soundness, which means that, when z is not
in L, z is accepted by V with only negligible
probability. The third is zero-knowledge, which
means that there is a polynomial-time algorithm
Sim called a simulator that takes x € L as input
and generates data that cannot be distinguished
from transcripts of honestly generated messages,
by any given polynomial-time algorithm D
called a distinguisher. A weaker variant of zero-
knowledge property is witnessindistinguishability

[3], which means that, when there are two

* hiroaki.anada@mi.meijigakuin.ac.jp

Hiroaki Anada*

witnesses of © € L, it is computationally difficult
for V to tell which witness was used. A non-
interactive proof system is also defined for
completeness, soundness and zero-knowledge,
or witness-indistinguishability. The Groth-
Sahai proof system [6, 7] is a noninteractive
witness-indistinguishable proof system for group-

dependent languages of bilinear groups [6, 2|.

Collusion attacks are a strong threat in
cryptography. That is, an adversary brings
together witnesses which are issued to different
identifiers, then the adversary tries to make the
verifier accept statements each of which is on
the different identifiers as if those witnesses are

for a single identity.

In this note, we remark that the collusion
resistance can be attained in the case of a
groupdependent language of bilinear groups.
By making "pairing-product equations” a
simultaneous equation system, the corresponding
statement is a proposition claiming a single
identity in the witness-indistinguishable way
[1]. More generally, the simultaneous equation
system can be captured as a statement claiming
existence of a set of legitimate identities. A proof
of such a statement is generated in the standard

way by using the Groth-Sahai proof system.

2 Preliminaries

N denotes the set of natural numbers. [n]
denotes the subset {1, ..., n} C N. Z, denotes
the residue class ring of integers modulo a prime
number p. A denotes the security parameter,
where A € N. A function P()) is said to be
negligible in A if for any given positive
polynomial poly(A) P(X) < 1/poly(A) for
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sufficiently large A. Two functions P()) and
Q(X) are said to be computationally
indistinguishable in A if| P(A\) — Q(A)] is
negligible in A, which we denote P(A) =. Q(A). a
€r S denotes a uniform random sampling of an
element a from a set S. a =, b denotes a boolean
decision, which returns 1 if a = b and 0
otherwise. z <— A(a; r) denotes that z is
returned by a probabilistic algorithm A with an
input @ and a randomness r on a random tape.
St denotes the inner state of an algorithm. (c¢;);
abbreviates a vector ¢ = (¢;);er . Simmilarly, (¢*)*
abbreviates a vector ¢ = (¢")*“* and (c});

acA

abbreviates a vector ¢ = (¢f) i .

2.1 Bilinear Groups

Let BG be a generation algorithm of bilinear
groups [4]: BG(1Y) = (p, G, G, T, e, G, G). Here
p is a prime number of bit-length A, G, G and
T are cyclic groups of order p, and G and G
are generators of G and G7 respectively. For
a while we denote operations in @, G and T
multiplicatively. e is the bilinear map G xG—>
T, where e should have the following two
properties: Non-degeneracy : e(é, é)?/:].'ﬂ‘, and
Bilinearity :Va € Z,, Vb € Z,, VX ¢ @, VY €
G, e(X",Y") = e(X, Y)". Hereafter we denote an
element in G and G with hat * " and check * ~ \
respectively. According to the previous work by
Escalaand- Groth [2], we introduce the following

linear algebra-friendly additive notations.

Vi1, Vis € G &1 + &0 & 4140, (1)
Vi,V € G i+ G < Gidh, (2)
A A . def g4
vz € GVa € Z, 2a = 37, (3)
Vi€ G, Wb ez, by (4)
vieGeG i-y¥e(d, ), (5)
def
VZhVZQ S T 21 +22 = Z1%2. (6)

Then, for further simplicity, we introduce the

following notation.

VieGVa€Z,Vi€G dajia-j=3-a
(7)

It is easy to see that the following equality
holds.

=

Vi, Vi € G, Va, Vb, Ve, Vd € Z,, Vi, Vi € G

N ac ad\ ,. . wanb e~
(1‘1,372) <bC bd) (y17y2)T :E(l‘l.’lig,ylyg) eT.

(®)
Finally, we extend the notation (5) to a vector

form and a matrix form, in the following way.
Vi, Via € G, Vi1, Vi € G

T .. e(T1,7n) e(z1,y
<A1) (i, i) = < (@1,91) e(d {2)) € T2*2,

Lo (o, 1) e(Ta, 2) )

and
Vi1, Vig, Vi, Vis € G, Vi1, Vi, 3, Vs € G

T Ti2) (i1 G2 _

To1 Top Y21 Yo

(6(55171,.7?1,1)6(531,2,??2,1) e(Z11, h2)e(E1,2, Go2)
)

6(1’2,172?1,1)6(1’2,271?2,1) 6(332,17371,2)6(532,27372,2
€ T2, (10)

3 Our Language of Simultaneous
Equation

We note that a type of group-dependent
language which consists of simultaneous
equations in bilinear groups are suitable to
attain security against collusion attacks. Then
the Groth-Sahai proof system is capable of
generating proofs of knowledge of witnesses of
such language. The language is dependent on
the type of verification equations of the Groth-
Sahai proofs (group-dependent languages [6]).
Hence we first fix the set of public parameters.
Let n € N be a constant. Suppose that we are
given an equation system with n equations and
with variables (X,); and (Y,),, where i runs in [

and j runs in J:

o X, By + Z]- 12113' : Y] +> Z]- Xﬂ/linj
= t']l'h

> Xi+ Bui+ > Ay Y+ Y, > Xivii Vs
::tT”'(11)
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Let L denote the set of coefficients of the
equation system (11) and W(x) denote the set of

solutions for z € L:
L:={r¢ (HG X HG X HHZP)"
| 2= ((Bri)s (Akg) (Vris )i d)k o (12)

| w = (W;);, (W;),) satisfies (11) for z},
(13)

R:= HGXHGXHHZ
XHGXHG

(((Bra)i, (Ak-j)j, (Vkij)ig Vim1
(W), (W;),)) satisfies (11)}.

‘ (wi) =

(14)
For a fixed parameter set pp, we call L, W(z)
and R the group-dependent language with pp,
the witness space of z with pp and the relation
with pp, respectively.

Intuitively, our language would be the set of
coefficients of simultaneous equation systems.
We define the language in the case of the above
groupdependent language of bilinear groups.
For a polynomially bounded integer g, we first
prepare for ¢ independent copies of an equation
system (11) by introducing variables (X%); and
(Y?); , as follows, where each “ denotes an index.
For a € [g],

ZzXlaB(lll—i—Z]A Ya+z Z Xa,YlZ]

- t?l‘lv

m+z A?LJ }7ja+212j)2?'}?ja

=t (15)

Now we impose a constraint that the above

X

¢ equation systems have common variables.

Formally, we prepare for subsets of indices as

For each i € I, fix an M; C [q], (16)

For each j € J, fix an N; C [q]. (17)

Then we introduce the following constraints.

(18)

aeN;
) 7 are common.

For Vi e I, (X )2Mi are common,
For Vj €'J, (

Definition 1 Let L be the language (12). The
subset of the ¢-Cartesian product of L with the
constraint (18) is our language of a simultaneous
equation system.

How useful is our language? An example in

cryptography is the following case.

]\41 = [q],Mz = c = ]\/.[m = @7 (19)

Ny=---=Ny=0. (20)

In the case the following holds.
Xl=... = X1 (21)

So, we are able to put (21) as a single variable
Xl. In a real case, the value off(l can be an
anonymous identifier. The Groth-Sahai proof
system is able to generate a proof of knowledge
of the identifier in witness-indistinguishable (and

noninteractive) way. (See [1] for more details,)
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Child-RobotInteraction (CRI) (2L % $£D.
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1 IS

[ANDLEBE L7 TAEE L2 &
WO RBEOBVEFFOERIZL T, KL
T R W FE 7 B A3 A . % 1178 Human-Robot
Interaction (HRI) TdH 4. FTH T &b &
DIAI 2= —arIiZHES% YT/ Child-
Robot Interaction (CRI) D/, 5EikE
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TI&, CRIWIRROB) % 8% 2 HM3HOT #
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2 Child-Robot Interaction

N B E 2 & v 9 5 B O Human-Robot
Interaction (HRI) &, A& wRv b OMA
YERICBE T 2 AR 2 05850 5T, 1Ry baAS
A EDEHIICaIalr—arz iy,

* k.abe@mi.meijigakuin.ac.jp

(U

WL, FETE22HERTLEMTHL. 72
L, BEOMEIZHRIO T L 134 LB A
BHAEFNT VWS, FEE, TRy bl
DY %l UC ANHIBRMR, GF IS 0IRR 70 BRAR & R
O, NOBTIZZ 59Ky MR EY 27
LDOBFEEBEHLTWA, TOHETIE, RN
WL MOART 1+ 7 A, ANHILEFEEE LW

BARMICIZ, oRy heoAvE T ay
(MEMEH, a32=r—3var) #@LT,
UTFD L) EVEZHERL TV,

o FknLHicBEER VY L, MfREHE
<D

©® = DA Tl 4 DA RFFED ED L 9 1252
HI DO

O DL ) BRIIEIRD LN, D

LEHERFFICTEDEDASA VYT a v
(Child-Robot Interaction, CRI) IZH 5% 4 T
TWwa., CRIDOMNIE, ANRa3Ia=Fr—3
YOMRIZERLZE Bl EH)ThEFED
EMMBLBENDD), NOTFEICEHBTESLZ
(332 —va TR FRIEDY A
TAIBHTE 5 10), &0 O MES N B
fRIZET S & (T & D IXNAIREED T EY 2 154
LCHNLD, RAPRZRTV) 1255,

O LXHIZCRI IFHEDW 5 TH %25,
—HTHTEBEBROEROEL SDHY,
MRS 7 EDVEAET 5%, HARENTIX
Woe L. 22T, ZOHH~OZARE
BEATUF, Y FIF-nweEz2 A0 %5733
UHFFEDSEA T L & B2, 20234EICHAT R Y
FEEO [T ioaRT ¢ 7 AFFEEM
FHE] #3b B Shrs4 L0k
BEAFE->TL HWWwEEZTWS, B,
CRIIZT Ry h T NTHIgE, CHES &
g, TS v, EROEMERIET S
FETHY), TNEOERRLGH OWIIEHEHE
FHAREIIBWTE, HEPIEFRICE . 4%

# R

of

HHESTIFU S -AFCSHRININ 7 ¢ 0

fo
=)



#® N

ift3

HES ST U Oy - CHRININ 7 ¢ 50

fo
28

WG bERY: TR S (S IR AR ZETT 4R 8 17

OFEIFE LR L AIZL TV 5.

3 FELENIIaZH— 3> NDHREA

FHOE—OWIET -~k TErbrona
RS2 —TaryoOHTHL. aRy Mg
L7z FEdbepaia=r—a y2#E%EL
OV T HHFE2ET 2 DTH 5.

ZOo—o2L LT, ANRHMYOFELLOR
IRBEROBERTETHOL ML L) LA
7o (1], FEBiE, T8 0HEMETH B MR
oo Ry P EEBEIELTH 5w, Ry
FEMRTEHORBEFEREBEATHS ) LI
KNTITo72. ZOEETIE, T&beuRy b
NDAIa=r—TarxliglL, 752Uk
L7z, WigEA Y vy FOIFIE, oXRy 2 A7 5
L THICHIF RIS ETH L. FIZITL
HERIHGH Z LR 2R OE SR xRy
FOEREFRTHR—bT 2L, 33224
Yar ilHbIEHERELRL, #@EOX
FEBE T A vwa I a sy - a VR
EEEICHRZ R T T 5.

SFTRER S, ARAD OF &0 & DR
BIZIE, BESEEDLLODNEE, Ntk
BT 570D HENRLEZLE V) Z D
Mol EEIZIE, TEIhBRD? [Ewvo
THEMTHES AR L RDH, NEx I
DEECIZIEoO T 7a—F B3 0ETH L Z LS
RS 7z, KBS, &FE% i U CRLITIEAE $
DIFNRHY Thnwi &b 727,

4 ANEANDDBEBHINEZIETEIVATLA
DI

BOET — <k, N ADDRN) %L
BT LIVATANDIGHTH S, ETlE, &
DT —<IHFIFE L TR E O T L. B
HIIZIE, RENFRZEY AT LD TH
5.

IH X HHEH (Toddler ) DFLLIE %
BCARENT, HMER (Wbwb T v F
~R) & LTWwAHEIL, [Parenting Daily Hassles
(PDH)] &) BT 2 A b L AZRIC
SHENAL. PDHIE, HEBREMZ Z &8
HAERDLZ ETCREROHENARNE Y, T
YEAROGEIZFOBRBEHE— NIEFT D, 2

10

NS L > THOBIER T EMN 2 FHME L,
BE) 2B IRATEISH 2, T &b 13KRRACk A
F0, S5 2PDHMEMT 5 &) EBIGE
BHEEND LIRE LT

FIT, BRY PV AT A ERM o THAMEFR
It E CIZiEf L, R onsaekT
DOEFEFHETCEEIHTEL LERT.

F9, Toddler FIOFALY R L @I I 2 =7 —
TarvEREELY—VELT, LNV
DTN IATATRRDENNITELTING —
27K b ChiCaRo ZBiZE L7z [2]. TRy
b EaAffio 7oK EERT, FLAE SN T
Ry MENLTKRTLHET2BEL, Hox
LA L7z, ZOR, aRy b2 LR
TEATHACEE E ROPIRIC R Y T 1 7% 5
Z, BrobBEFME) ORI R -7z, T
ELXDATAITHWo THIDA T4 5 Hiko
72, Lol ENMERRE N [3].

ORI, AV U F TR T v —F il
U CTHESFEELHIEL TR,

5 F—ATEAHI CRIOMRERE

CRIDIIZEIE, F L ONERTKE Fhx
B0 & HEOTENED X ) ICHiET 200 %
MR, #7-%YR— b7 Fa—F 2Rt T
&L Re 2 fO T\ A, CRIFZEDK ) o—
DU, SR BE ORI X BHEHRICL 5
THRAEANE L HICH L. UKy POFEB
(i, M, EX, V7 bvar, TUVTYX
Lp &% DR 2 BB A ) A
B LD B ThY), MATENLE
TIROEHIL, LY, REY HaF¥RE
e B B % FE OISR E 72 B O I DA
RTH5b.

DD, LENEEEEREL LT -4
VT A Y THREETH Y, FESLME, o
AUN=EOW N EBILLTWE, 29 L%
B X 2 oN—= L ORI & > THITEREAE F
N, —ATIEERTELVEEIELNDLZ &
WCRELZEVEZERLETNVAS.

RIS, CRINFEDBEIIE, T &nl
bl @D LRy NEAEIRRCKE, FE
TRRICB T AMlifEx BT 2 HICHh 5. DTk
WHEATIHE N L Tnb ) Bl H 5
B, FELIIRROHEDHCFETHY, 2D



WG bERY: TR S (S IR AR ZETT 4R 8 17

FEANDT 78— FFIFRO HARITK & 752
EHZLEELTWD.
FZHIISBLTANEANDOLRHY | ZREL,
LDl b ) Db HHEDOFEBUEHT 5 il
AR LA EXHIEL TS, AEAD
DRI BT HEANDS, SR T
Hah, $)BEWHEOERICEN L EELT

Wb,
References
(1] FEREE, HAKHFERE Ty ¥ IInny

(2]

(3]

<N, BIEST, ARidmT, TREZ
KEMER], WEM, “ARmY)oTEdb L
05Ky b O B2 BAREEE 2100 728 0N
BOGAT”, BRI S 25 SRS, Vol.55,
No.12, 2014

Kasumi Abe, Masahiro Shiomi, Yachao
Pei, Tingyi Zhang, Narumitsu Ikeda, and
Takayuki Nagai, "ChiCaRo: tele-presence
robot for interacting with babies and
toddlers,” Advanced Robotics, Volume.32,
Issue 4, pp.176-190, Feb. 2018

FrEpa e, EAEH, HKHER, R
17, “FLER &R D AZ R & B R R R
LFEFRORS  BEBEAAZIIBITLT L
TLEyZAuRy P LIZBERAS AL
DRRFE", HARD 2 A 18 AT
2, 2018

11

# N H

of

HHESTIFU S -AFCSHRININ 7 ¢ 0

fo
=)






WG bERY: TR S (S IR AR ZETT 4R 8 17

TCSt3IF—& AIRIHPD WO DG LIZDOWT

1. TCSEIF—EE

THIRECEA e OB D 1> & LT TCS
+ 3 J— (TCS!Z Theoretical Computer Science
OR%) BIfEZEZ 10 BICIRE L, 20244EFE Tl 2
HlDOYIF—%1To7.

BLMNE, SARKEEA R EHRE LT
FARE R B IE R R BCHAR) 12 [2024 4F
Nobel ¥ BE2 B o fift 3 & 8 g 78 BIL s o 56 i |
EWVITEET, 20254F1 H 16 H 15850 5 16
IZF ¥ 54 2 TETEV 72, FEEORE T,
2024 4F Nobel W L2 8 12 D W T DR & 4T W,
B TIRERE S BT 5 BT 7L O e St ik
BiZowTHP E N, wmEmRBEFEOFIZIE,
BB ESTE T, BAEOARALTE L
FAHUEE L L ORMERERE 2o TWwb 2
L Edfneng. 2otk EEFEHONSE
ORI L TORA R & T, 72k 2 IR
F ) BE B T 013 1950 RIS HRERT 0 B THER &
NTW/zZ b BEGTEG . ZN0giiks b
Y, RROLIICTFLOLEMICEY, AL
WIZRZLAR DOV O DD D W TE T O
Re&bFlHTns,

%P, ot I F—Id, IEHRE RS E I
Ly v —F oY I F— L LCREE OKIES
FHM L7, 203 F—Tld, BEHESA (]
FORH ARG Lo be B - BT R AEHER)
W2 [~y FrrorgEtsy 1 k] 2o
WCIRAITHICHEETEN TV 5,

2. F18-1—-3SI2xyNI—THRERT—LA

2.1. Al

Artifical Intelligence (AT ; AN LHIRE) IX, 1956
D Dartmouth I L > TRRIES N SR
TWh, TORFEeMBLILESNDE 2720
E, FREM RS BT X B AT % 1970 4T £
7 B HEHE L 72 McCarthy, Minsky & & & (ZIBM
701 D FEFTHE D Rochester © L CIH T 5 O Al

13

#H O Shannon TdH 5. 2 O H T, Minsky &
1950 FERICiE=2—F vty b7 — 27 BEO
fges L Cwz—hT, 1R —Fty
M =W 7 — MR EZ 725 L7z E R
|25 i1 A Minsky, Papert @ Perceptrons & i L
721969 FDRDEZTHH 5.

DTk, 2080/ -7 bu iZl75
W ODPDFHLIZOWVT, 1 ZIFmesNTW5E S
ETH LD, B LBErL AR Y M &

2.

22. AIZz2—0O>

McCulloch, Pitts [2] 1, 19434E DR T,
ANTL=Za—uar%8AL, ANL=a—F) %
N — o oEBEE 2 ATo2—0 Y%
HEHEOB AP T LOTWA L W) BIAIE,
Wiener D A INA T 4 7 AR 7% T < EF-G
ENCnwieZAhrT,, HARICBWTOLEAE
HAOLHFMESNAINEE b5,

BBEMNIELE, ALz —0xidonrl
OMEE & DBEBO AT L, FAIITT S
WANNT X7 EHOCEIEOBERE T
OMEEHRNTHLEDIHR>TWE, TRzt
b — 7 TEEE L 2BROFHEICOWT, B
HOBBTERLTWL, F0MH, wBHEED
MoEx LTnbEdbEZHIENTES.

SRR ETO ML, 19 D Boole 12 & o
THFZE & 1, Dartmouth & i% T4l b 72
Shannon A% 1937 4£ ¢ MIT T D155 3 T Boole
B W CHEEO R AR O % 5. 2
T2 BhNDD, F I 7 PR Bk
BT 2R E VR 5.

McCulloch, Pitts D CiE, ZDHDOF — b
< UWROERLE LR >TRBY, FWmXT
E Turing ¥ 2 >~ & OFFETTEEMEICEI T 4880
WETH S Z LN LN TS,

23. N—tFrO>
/)N—+ 7+ 1 3 Rosenblatt 7 3¢ [4, 5] 12

# R

of

ACUITRSBOTIUNC SEER—>N—/idd wO—

of - O



#® N

ift3

ACSUIKESTINACIEBER —>N—}/iit wOH

of

WG bERY: TR S (S IR AR ZETT 4R 8 17

LoTiREsh, EEFTINLROIYB O
Za—=F WAy NT—=2THAH LEIZ, [H
MiN—tTror]| EwIRT, AIEEMD
BOKRD=2—F VY 8T —27 &) BGED
& % 7%, Rosenblatt DFER L 72 DiE [4] T
T4k QBomE) b %, [5] TIE3E (1
BoOmEE) OboFRREL VL.

W=t 7 O ZZDEHILBTH DD,
Rosenblatt (3 4RO RNEF =25, I
NALBEEBOEREIST A Y () &L
THHEL, ZOHBEEOL ZATIET vy ok
BosrEEZ TV (HiiX—k S bor &
RESND—H2rd LiZzw)., Larl, Zh
PO TIIHE B TE LT =y noEETE
W ED b o Tz B TIERIESEET
Ewfle LT, FEBEENAND OFEHMRT
ERVWIEDNEELRFE L TEEINLGA
L&A, NANDFEHITPHEIZ1>D=2—1
VERBET T A TR AR TH
A ZF1UTH LC, Minsky, Papert [3] T,
Rosenblatt D73 — & 7"~ T ¥ 78228 AN0] e 72 [
B (RIS EECT X w2 il T — & Ok FIRE)
ELT, FHET20OFFFFL2ELD 2L
HVBWNZEDF 72 AJJORMEDS, /S—t 7+
OV TRFEFTERWI ExigilL Tunwr.

HEBIZAL E ZADEAFFENRETL
TBHT, Lo THHEOEALAZINT XY
BEOFEE T VT ANFMSNB 6T, £
BN OEETCE TRz,

24, BEZ1—-J)xy NT—TDEE

BRI, 3BO=—2—F )ty b T—2T
WIS T 2EAEZ /ST AF L LT, Z0OFE
TIWVCT = POEETLEET VI AL%E
WO THZTWD ., ZIUIHAE ORI /A B
TEOERE o TWnWb.

HA [1] oA&RTIE, WMKRETIHEL 2B
FTEEOBHOEEE LT, [3] TRENLF
FEXFOT -5 OMEY ABO=2—F )V 3 v
N =2 TavEa—7 CHETEEREZR
LCTWwa, FHEHEBEOM? L ZOFHEED K
THND. 72721, WHREICALEZAHIERK
> TBY, ZNEESITHEE=2—
OYTHEHTEDLESFSHENT VS,

N—t 7 buriF2flT— ¥ TENDHIRG
HESN TR WIGEIIFEBETE LW L THEL

14

WMo=a—F) Aty NT—=27 T—LAHPRE L
EWHHFIE, EREO L) RBSTEBNTH
D, EBRIIEENEEY)BER Z2FHT7VIT) X
DFFTEER L L HICHBETR ST Wz,
—77, VO Y2 — ¥ OMRETIE, Ky
WNRBEOME L 23, Y= a—F
oy MU= 7 THIfF S NS0T - WG
HRZZLDOEWETLZONHEL VIR TH Y,
WAT L CTHEA TV T 2 ¥ 2 — % TIEE S AL
WX BPUHMEANE L CWb & ENT, T
M ATIFZEDSHE A, Z b /NS RE L 2
FRnEw) ZET, FIHATT — 205 b o
bz b UG, RETIE, =a2—
TNAY N =7 ) F—7— % AN/H
FHITI0EDOHRINE N2 L B olz b v U
fEZHNTWES.

3. BEOD=2—3)IRYyRNT—TIAN

BT — 2 OBt T=2—F )V
o NI = RS TFILOBRREL R, F
BT 1980 EERDFE 2R T — L afGoZ b & 7
b, TDOT— 5B 1990FRBLTLIZA, £
LTOWIZEIR=2—F )y bT—27 O
FEDSEIEEATE & L C20124FHD B B 725 SN,
HIETIEENDNEHIERL TS, 22FT
O LI EIZh - B0 L CTB 2k
X, FRIZETHLLDTHA.

SEHER

(1] HAME— : 3R I —IE Mo &M r
. L7, 1968 (BEFEHH1A5H).

[2] W. McCulloch, W. Pitts: A logical calculus
of the ideas immanent in nervous activity.
The Bulletin of Mathematical Biophysics.
5:4 (1943) 115-133.

[3] M. Minsky, S. Papert. Perceptrons. MIT
Press, 1969.

[4] F. Rosenblatt: The perceptron: A
probabilistic model for information
storage and organization in the brain”.
Psychological Review 65:6 (1958) 386-408.

[5] F. Rosenblacck, Principles of Neurodynam-
ics: Perceptrons and the Theory of Brain

Mechanisms. Spartan Books, 1962.



WG bERY: TR S (S IR AR ZETT 4R 8 17

Derived Graph and Lattice Gauge Theory

Abstract

In this note, we explain the relationship
between the derived graph and gauge theory on
the discrete space-time, aiming to clarify the

discussions in a part of our recent paper [1].

1 Derived Graph

A graph I' = (V| E) is a mathematical structure
that consists of a set of vertices (or nodes) V and
a set of edges (or links) £ that connect pairs of
vertices.

We can also consider mathematical structures
over the graphs. For example, we can assign
a representation space H of the group G to
each vertex v € V| which is called a voltage
assignment of the graph. So the derived graph
'Y of the voltage assignment graph has the
pairs (v, f) as its vertices, where v € V and f
€ H. For each edge e = (v, V) € E, there is a
group element g. € G and edges of the derived
graph are given by the pairs (v, f) and (v, p(g.)
f), where p(g.) is a d-dimensional representation
of g. and acts transitively on the representation
space f € H.

The derived graph of the voltage assignment is
analogous to the fiber bundle in the differential
geometry, which forms the mathematical
framework of gauge theory in physics. The
derived graph can be regarded as a fiber bundle
over a discrete base space (the graph), where H
becomes the fiber space.

In typical applications of the derived
graph, the group G is a finite group, and the
representation is chosen to be the regular

representation. In this case, the derived graph

* kazutoshi.ohta@mi.meijigakuin.ac.jp

15

Kazutoshi Ohta*

also becomes a finite graph, composed by copies
of the original graph I' derived by G. However,
for applications gauge theory, the group G
becomes a Lie group. In such cases, the derived
graph is constructed over a continuous group

manifold.

2 Artin-lhara L-function

For the derived graph I'“, we can define the
Artin-Thara L-function [2] as follows. Let C be
a prime cycle, which cannot be written as a
concatenation of repeated cycles and does not
contain the bumps. The Artin-Thara L-function is
given by an infinite product over the conjugacy

class of prime cycles in the base graph I'

Lr(g;p) = [T det (T = pl9e)a" ) " (1)
]

where gc is an ordered product of the group
elements g. along the cycle C, £ (C) is the length
of the cycle C, and p(gc) is a d-dimensional
representation of the group element gc.

In physics terms, the Artin-Thara L-function
is a generating function of all possible Wilson
loops along the cycles on the graph I'. In fact,
rewriting (1) using the identity log det = Tr log,
we obtain

k6(C)

Lr(g;p) = [ [ exp {Z a ’

[ k=1

Trp(gc’“)} :

which generates gauge-invariant operators (the
Wilson loops) along the cycles on the graph
I', expressed through products of characters
Tr p(gc").

3 Lattice Gauge Theory

Although the Artin-Thara L-function (1) is
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generally an infinite product, Thara showed that

it can be expressed as a rational function in ¢

Lr(g;p) = (1 = ¢?)"mve)
xdet (L, — Alp(9))a+ 1 ® (D = L, )d®)
(2)
where ny and ng are the number of vertices and
edges, respectively, A(p(g)) is the adjacency
matrix with a gauge group assigned to each edge
of the graph', and D is a diagonal matrix whose
diagonal elements are the degrees of the vertices
of the graph I'.
Since (2) is given in the determinant form,
it can be written in terms of the “functional

determinant”

Lr(g; p) :/Hd@”e’ﬁs: (3)

veV

where the action
5= {8 (adol9) ~ m()?),, 2"}

is given by the graph Laplacian A(p(g)) of the
derived graph associated with the group G,
by choosing the mass m(q) and the coupling 5
appropriately. The “scalar field” takes values
in the representation space H assigned to each
vertex v € V', i.e., ®' represents a section of the
fiber bundle.

Furthermore, if we integrate (4) over the
gauge group g. on each edge (link variables), we
can obtain the partition function of the gauge
theory for the scalar field ®"

Z= /Hdgendqw e P9, (4)
e€E  veV

where dg. is the Haar measure on the gauge
group G. Thus, the integral of the Artin-Thara
L-function over the gauge group G is equivalent
to the partition function of the gauge theory
on the graph I'. The gauge theory on the graph
(4) is a generalization of the so-called Kazakov-

Migdal model [3] defined on the square lattice.

4 Summary

In this note, we have shown that the partition
function of a certain class of the lattice gauge
theory is expressed as an integral of the Artin-
Thara L-function of the derived graph over the
group structure. This formulation allows physics
in gauge theory on the graph can be analyzed
using the rich mathematical framework of the
L-function and zeta function associated with
the graph. In particular, the spectrum of the
graph Laplacian, which is important to consider
the dynamics in gauge theory, is closely related
to the analytic properties (distribution of poles
or zeros) of the L-function. Moreover, physical
observables in lattice gauge theory, such as
the Wilson loops, can be derived from the
L-function. We expect that the L-function of
the derived graph will serve as a powerful tool in
understanding non-perturbative aspects of gauge

theory on the discrete space-time.
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A Theory of Voluntary Cooperation in
Public Goods Provision

Collaboration is a powerful strategy
for achieving goals that no individual can
accomplish alone, whether in business or
academic research. However, initiating successful
collaborations is far from trivial. Each individual
faces an incentive to benefit from the collective
output without contributing effort, thereby
discouraging participation. This free-rider
problem has led scholars to model collaboration
primarily as a public goods provision dilemma.
In such models, individuals are placed within
groups of fixed membership and must decide
whether to cooperate.

Yet, these models often overlook the fact
that many real-world collaborations are not
constrained by pre-existing group boundaries or
universal participation. In reality, people often
possess viable individual alternatives outside of
group arrangements and are free to opt in or out
of collaborative settings.

To better understand group collaboration
under such voluntary conditions, we extend
previous models of public goods provision and
coordination problems by employing a threshold
public goods game. In this setup, each group
member chooses either to contribute their
endowment to the group or to retain it for
themselves. The group succeeds in producing a
public good—shared equally among members—
only if a sufficient number of individuals (i.e., a
threshold) cooperate. Crucially, this uncertain
but potentially rewarding group collaboration
is contrasted with a certain yet less profitable
individual option outside the group. Participants
may either pursue this individual path or
voluntarily join group collaboration with others
who have also opted in.

We first developed benchmark predictions to

contrast collaborative success in the presence
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or absence of an individual alternative. We
formalized a model in which players form
subjective beliefs about others’ cooperativeness
and choose actions based on these beliefs (Fig.
1). We then conducted a behavioral experiment.
Consistent with the model’s predictions,
we found that compared to mandatory
participation, voluntary participation increased
individual cooperation within groups, such
that most groups achieved successful collective
outcomes (Fig. 2).

Moreover, two distinct behavioral mechanisms
contributed to this outcome. First, pessimistic
defectors were filtered out through self-selection,
resulting in groups composed of more optimistic
members. Second, some pessimists switched
from defection to cooperation as their beliefs
about others’ cooperativeness improved. These
processes together increased the proportion of
cooperators and raised overall group optimism
(Fig. 3).

Finally, we addressed the apparent tension
between the positive and negative effects of
individual alternatives on collaboration. We
argue that this divergence can be reconciled
by considering the externality imposed by
“loners”—those who opt out of collaboration.
When public goods concern a fixed group,
the externality imposed by loners can hinder
collective action. However, when public goods
involve flexible group membership under
voluntary participation, the availability of an
individual option can in fact facilitate successful
collaboration (Fig. 4).
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Figure 1. Modeling collaboration under
oluntary participation.
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(A) Individuals can either opt in to group
collaboration or choose an individual option
outside of the group. Group members can choose
whether to cooperate (incurring the private
cost of 10 points) on the group project. If the
number of cooperators is equal to or more
than the predetermined threshold value, then
all the group members earn 30 extra points.
When choosing the individual option, players
are guaranteed a smaller additional payoff of
10 points irrespective of other players’ choices.
(B, C) Expected payoff (B) and best response
(C) as a function of subjective belief about how
likely others are to cooperate within groups (i.e.,
7). Each line represents a possible action under
mandatory or voluntary participation: cooperate

(C), defect (D), and leave (L).
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Figure 2. Voluntary participation supports
collaborative success.
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(A) Individual cooperation rate, (B) group
success rate, and (C) normalized (i.e., ratio
against the highest possible payoff for each
threshold) average payoff in each condition.
In each panel, the x axis indicates threshold
values and the coding by brightness indicates
whether participation in groups is mandatory
or voluntary. Error bars in all panels indicate
95% bootstrap confidence intervals. In (C),
plain bright bars show the average payoff under
voluntary participation just within groups
(excluding loners), and hatched bright bars show
the average payoff for the entire population with

loners included.
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Figure 3. Voluntary participation filters out or
encourages pessimistic defectors.
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(A) Rates of participants who defected in the
mandatory condition and those who chose
to leave groups in the voluntary condition,
as a function of their original beliefs about
others’ cooperativeness ( y in the mandatory
conditions; grouped in 0.1 increments). (B)
Proportions of participants who left groups in
the voluntary condition as a function of their
action in the mandatory condition with the
same threshold values. Across the thresholds,
defectors in the mandatory condition were more
likely to leave groups compared to cooperators,
under voluntary participation. (C) Nonloners’

cooperation rates in the two conditions.
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Figure 4. Synthesizing positive and negative
effects of the individual option
on collaborative success via the
degree of loners’ externality

A
e .
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(A) Left: Creating global public goods. Groups
are fixed in advance (or the entire population
is one group); thus, loners have full externality
on the collective outcome and effectively
function the same as defectors to the group.
Right: Creating local public goods. Groups
consist only of individuals who voluntarily opt
in, and thus loners have no externality to the
collective outcome. (B) Group success rate
(computed from participants’ choice data, rc,
rp, and 7, in our experiment) as a function of
the degree of loners externality, p. Dashed lines
correspond to the situation with the individual
option (voluntary participation) and soloid lines
to the situation without the individual option

(mandatory participation).
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ANTOT A v 7RO HOTH L. FFELV
BIZE LD, ANFaTF 1 v Z7GHEN ETRO
7o 2ZODRIOARFFENE Z L1L, Fidd X
IR L =E P 2T TP EPEB
TODOZ oL vz it L Twb,
R, EA&ETICBET 285 ORI O
FEAEFR 312DV THAT 4. JacobiTEaU & 1g,
THIBH e (r, 2)(r € H, 2z € C)TH»>T, 7IC
428V 25— 21258 EEHT
RO LD E V) [4]. Jacobi IERD—fik
be LCEH %245z € CUCHRL2b @
REZLIENTEXL, ZOHTYH, V-4
RIZHBES 2 Weyl BEW(R) OFEH O F TARZ
T (ThabbETEOw ¢ WRIIH L Tolr, w
(2)) = (7, 2) &iii729) JacobiTEix, #BiL
MR Om T O 5 A AT TS ET
OREREFR & L CHARNREEEZ 2. B
IV — FRIZUDOOERIR Ay, By, Cyy Dy &1L
DBV By, Er, By, Fyy G2 E N5 2 EH
I<HBENTWED, —#ICW(R) A ZEES Jacobi
EROEKILIC LOBRE 2§25, RPELA
OEH Y — PR THIEL, ZoOBIFLHEAB
27 %A 2 L2 Wirthmaller 12 X D /RENTW5S
[5]. L L&A S, R=EDHAIZI DB
ED XD iR FEODIE (FNAH R
ONEZY) 0FEUDLEAHOFEETHHo 72,
s [3] TiE, [W(E) AZHS Jacobi XA D
3R, 28 H6 BN & 4kIEA AT A
FEOZTRICAMTH S| 2L xaHL 7.
2B Hn RN (kAWK ZHN) ORL=E -
ey, WHAERROEETHY, ZO&R
OREEIZIOMA LR IR IR TS, &
FRER L 722 B2 & 1), W(E) ANZE55 Jacobi T

ROBLTBRIIARAERTH B Z & DHEm I N,
1948 D BARW o AE T b B S 7z, Rl o
EI RIS HEEN AR TH B, 20
FRBLOCITFWICB VT, Wi B R
DOWFE TR O N/ZEBOER»H#EEE o7 Z
DOERTER ORI, FE~o TSy
EFEARLD R,

SEX
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20D RUCBY 3585 T N D) vl BEPE

1 BR

AR, WEETE TV O E REMEATH 72 L 32
HERIIBWTHEHREO TS, fHelEeT
VORI E T BEME DA FAY R BFFE D 1 D A5k
ST AHTCH Y, TNFE T4 RgE S
TSN T2 [3]. BIEMAL RS0 H
L, 7 — ¥ WNBEEEBOMIBER A & LT
ENBEZEHBEL, BT — % 25 ZDBIE
ERAMETHZETH AL, FETREEZ LT
&, BEEHDHEETRETH S 2 L A RAF T X
e\ RIZIR A 2 IFRIIR A~ LR L 72078,
IR BT AT TH ), ITAE, HFRICHIZE
b Twad [5].

AWZETIE, 220DBHELEIE b OfaHET
VORENEEEZFAET 5. ZOMFTETIVIE
75 7HDAR [2] RV IVFESVEE [1]
DML LR DBETFTVTHY, FORETEEME
T A EIIEETH L. FRIC, Sk [4)
D—HHNEERBNL, TOMTETNVRED X
)BT, EOBREE CTRENETH L DOH
2 IERICIA S 22T 5.

2 BEEZHETIORETLEMS

BIEERET IV EHME T — % . AW TIE, &
VN R 53 A po(w) I GE D WiBY 7 — & X7 M v
weWCR"DBEHZLNIZTT, 20DHEE
¥z bvs =", ... s e RV & v =",
)T e RY DG AT & T 55 pan(s,
vlw) B HERI NG I EEREET S, KIS, 2
DO T — & XKD X 5 HIFEEEOIEGIE
RETERENL ET 5,
z = f(s), u=¢(v), (1)
XD IBVT, fF:R*SR*E @ R*=R" X
REBHTHY, d <d, d, <d, &F5H. &

L2, fLeldZNEDBITH L TERSH»D
WoPLbGzdboLdh, LichoT, fL

23

ek MO

Pl o TEREINS.

My = {x = f(s)| s € R*} Cc R*
My = {u=pv)|veR™} C R™,

ZENZNR ER"OWF LKL R T L
MNTEL., KT, BHOLD, d =d, =:
d& 3575, Xk [4] TiE, d # d.O%E

HELTWS, &I, BlllcnsT—% de,
u, wCTH, s vIZBHIARTRELZBAELET
HHILEFELTBL.

[ sE v REPE © ARS8 1) 2 [ 2 W] eI O 72 36
2D, REBHFE oW BREZNEILg
MR Ep M, - RYET DL, BIEE
BsloldPlTO L) IZRHTE 5.

v =¢(u). (2)
Zokx, X (2 L0, #WHT—-FwhrGz
LNZFT, x b udDSMA MRS,
pﬁwamw)

= Paviw(9(@), p(w)|w) [/ |Gy(2)[ |Gy (u)], (3)
LFRLRTE %, gl DY IALITH R ZNE
NI, e J, e 358, Gya) : = J(x) J(x),
Go(u) : = Jy(u) Jo(u) T & V., |G,(z)| &
Gy(x) DITHIN % %Y. £L T,

= 9=9, =0, (4)

ThbLE gLoplIFRTETERTHL L V).
KIZED L) 4T T, EOREETgL
WHEENRETH LDONERT. TD2DI, &
HENZ MMlwxr HWT, éw(s, v, w) = (j(i)(s,
v,w) — ¢"(s, v, w) EXFLL, T Dd-RILN
7 MIVESERT S,
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”*
d(s, v, ’LU) = (Wq(l) (8<1)7 ’U(l), 'w),
82

.
60 w))

(5)

KOEHIZBWT, gk o FETRRTH 572
DOV 5L Z DOARMEEMEIZDOWTIRNR S,

ML KO20D5M %3 & &, £EER
DOIFFFILEB L NEF OARFEEE T RE, gL ¢
IERIERETH 5.

(1) Z(w) % HERBBRET 2 &, Sl XHEs
i Pt [T T DIEATH- 2 5 5.

d
log pyiw (8, v|w) = Zq(i)(s(i)7 0@, w)
i=1

—log Z(w). ©)
2) LT %723 wlilBl$5d + 1EHOA, w,
w(l), ..., w(d) PHEET 5.

eI RNTDs,v,w € {w(l), ... wd}i
LT, X7 Md(s, v, w) DEZERED
EIS<H

e I RTDs, viZXf LT, X7 Md(s, v,
w(l)), ..., d(s, v, w(d)) I FHILHIT.

AREHOFHIL [4] THEFETX 5. EH1IL,
BAELERANY PsDFEFZFET LS
CIXWREETH LD, LA R - RAFF
L, RO DFETETH S Z &2 EKRT
B 1272, BEZELGEY), ., A DIE
FOAMEEMEIFAES . T2, LN
MV olZ DWW T [FE UFRALT 5. 20—
JC, BIEEHANZ bV s OHEETFHEIHEE T
&L LThH, BMEAICXY, ZolEERER
DFFFUALEREDFE ST 5. Z OREICK L
T, ROGEATIZEEA OAMEEMEZ Y B
72OV 5N ERRT 5.

2. EHIOMEICMA, &% B (w)
PHAEL, OB AN ENTwE LTS
82

gt w) = aw). ()

24

ZDL X, RZEED A — )b L EFE O AL
BRE, gk dlARIENRETH 5.

SR [4] THzZHONTWwWE, EH1E
By 5L, BB ORMEELTY R,
ZFOBRUENEE > TVDB I ERGNDE. 5
B REZ LI, ARTIRIERERRA B
ZHOWTWBIZO bbb, A7 —)VE]EFE
DAHEEM LIRS 001 [3] LA
WETH .

3 F&H

AFTIE, 220DBEELEEE b OftatE T IV
ORIEMREMEIZ DWW THIEHICIRA L 72, K|
OHEE L, BRE L7228, Sk (4] TiE, B
L5 T CORBWRELERLARIGHO 77 7HO
IABNDINH, S OICBHEE-EHET L7720
OT)T)ALBFLERESNTNDS,
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R AT ZTEHIL7ZER G O DR Ga— L&~y 7Tk

& H B

CERD ERAIOBELZ B2 AT ERIEZNAIIE =35 2 LD EETH 5. A3 2 EH
HBICHWAERTA MRy 7 AMOBIEHEE ATV EFTX 5.

(F—U—F) £far—,

1. BIE

ERAIOERELEBD ) B, KIEZHE) 0
AT IUE, ZEZHIOANIZaY—552
ENTES. ThEISHTE, =2—bF )b
LRIEP O A RRIGEZERTH I EHNTES
DT, FHEOMANHFLLZ, T4 MKy 2
AR OEIEHEEPEB TE 5.

2. FRAEADEERLESELTWVSRE

— M D G D & BAFHEE 3 5 FAlf O
X, 7rvavazy b (AR ERR EDOHE
) ofEZICEH LCHEET 5 e
SiaE Y, EEMEOEEDT 7 AF v EAL
DIERZEML THET L FENERBELTE
7: [2][3] [4].

FTD LD HRENS, FERILSN TS IKE
WEL Y VI2iE, KIFS2RBIZOWVWTIE,
HERENE VL OO, WFFIEEHE
WIERREDSD DAL . ARANE, BlEx
ez BICFIBICH I Emassh <, s
VUyTIEHIB T E WG ENH 5.

SHIZ, HE, REEEZKIED Y T A5
FCTEBSND Z EDL ), ERFIEWE
TBICEEN AWM R ERA TSNS LITE W
#E <, BIE L OV & BB BIISEE L~V THEE
TLRENLE L,

TR, Be SN ERH-oTBY,
BT — 7 P oEEN T — 71T 5 8EE (UL
ALHERE) ICHTEN D B Z & H3 %\,

FL0n L, BIROBEHEEIZIE, DToOX
) iREN D B

O EERIFISLVEED S ORRIEHEE : HRA
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BAEHEE, R4 MRy 72 A AL AERAL

iE, HFVEEETRICH S W, BEfF
DEFEHEE L > Y v TlEIIn TE R WIS
Wb b

@ FHEOZHME (M—AWW) @ FH— AW
O —EETHoTH, ZHREEVDH D,

F 72, SEPICOAPENT L7205 T, K

TBOEALL T b EHfEESNTLE I HA
Wb,

@ EEOLHEME (NWRE) @ A& 5, 4
WiEICL D), A—EETH-oTH, EHiE
K4 it o T\ 5.

@ o AEIC X 2L EHE LS
L72E, —a— b VRBIETCH- 2 &
LThH, HAPEXR>TWDLEIIICRAT
LEw, KI74 7EELHEZSNTL
FOWEVHD (FThPOWRELEAR
F D).

2 LB T A0, TETIEE Y
JT— 5 RiEH L7RE SR X B FEA T
Lo TETwBYIN vy re—s12k 2
EIEFE FEO &) HEEE FERT X LR
HeDsd B —77, HEEAEROMMDFHITE v
EWVH T Ty Ry 7 AMEIT S S IREANIC
o TWh, 779 7Ry 7 AAITIE, AID
ARG R A NHARRST 2 2 L SWEETH D,
ZOWEMAPHIRSINTLE Y. B2 HED
NP OEIE X EHBILCH Y v v 7ITH)
M3 5848, 50N EIEZILOBEEHRZ T
TE R, ZORWHDIAMET, HEEERE AN
PR L 72 2 AR o N5 L9 B b O
F L.

KWz T, Lo &) R EERO b &,
FFIROQ@OfRE HE L, BEEE (&
BAD ZIEH L CERMEICHL L 2D, HEE
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MRS IRE T, HEEm R e NHAIRL, #7z
RHRPBOND L)%, KTA bRy 7 AH
DIFIFHEESAT 2 HIFL T2 720D TH 5.

3. RAE
3.1 BEIREER
KROFEMIZH72), OOME, >FhH
ARNT =225 5, BEFEVERE,LLD
BAEHEE 21T ) 72012, HEREER 1T 72,
W0HOBRE ICRIEEZAD THAET ML T
b HWw, O, 570 (Em, 177, FJ7,
I, ) ACREE L2 A T CHEHE & ik
W L7z HiEE— D720 140 MO 5 % il
L. 104755 &5t 1400 K o BE T 5 % 4572 100,

3.2 KBE/NTA—9 DL
SytleGAN™ D EZ B, RGN/ A
T\ 5 ARG X ERO 5 T0) - B 20 BH X — 7 {1 -
SR C AR L, PIREEIIEEN, SRE
FEXZOERINDOF AR E2REL T 5.
Tz, EfveERTHELN, H—APo
FHEELEGEFHL, ZE2HEHILAIY—D
I EAT - 72/, 58 FEHDOL AV — 03Kl %
FIHH-o-TwAZ e AL Zo58FHD
LAY —% RIfFECIE[FRIE/ ST A—5 J LA,
COFRBENRTA—FIZ, EHOY A TRHE
IMSZCTHh L. DF D, BRA GERRRRA 7
Hap g SNHEERICOWT, ZORE
85 X =% ZMATIUE, ik 2 e
THECTH V), PULMERED B\ IRIEHE 2 2SI fE C
g 2 [10][11].
3.3 xBEIE—

HIF TR 72FE/8T 2 — % 2o NP OiEk
HEBICHEHTIUE, EEIE—DRETH D
(IX1).

0-C

1 REBEIE—OF

* EFICEREAT
A—A FCTREETD

3.4 RMEYYTER

Rz Cld, CHEEFIZBTLT v Vol
BE 7 VI L RIS & AL LTI
Sy VOMEREFVTIE, ABHOBKIEE, K
BORY T4 TR - 20T 4 TR &R &M
(Valence) & BEIFOIEME (Arousal) @212
GUTHMT 5.

Pz, PUEL 72 1400 BLO B RIZ DV T,
— MO GH 720 #1005 DFEMEZ, Valence
B LD Arousal DfEIZDOWT, = 10 DFLFH D
BAETOEEFMZEIT->TH OV, Fohil
% Valence B X U Arousal D 1EffE & U CIRH L 7.

S50, FA—AWD 140 OWEFEIZD VT,
F v vV OMBTETIVO 28 FICEE L
Valence 3 X O Arousal /7 18] O i A Bl -39 F 1%
FENT NV Ve & Viroars G E AT 5,
=1~10) ZHH L 72 Videes & Vi 12, 15
H oW ER# @, Valence 571 & Arousal /4[] |12
+ IR T 2O RE/NT X — 5 OFHEs
NI MVTHD. EHIZ, 10457 D Vitenwes &
Vi COWTH R, FIIERMEES <Y
[IZ T/’Valencp & VArousal Vo = VA7) T/’vmm & Vmousaz
A FHT UL, EEROEBEIZOWTT v
OHBET VD 22RICY v T LDOFGET LA
(CHEB R Z B L, BIE~ Y T2 EEARET
H5H. K212, Bho=a— IV ¥EHEz
N—= 2L LCTERLZEE~ Yy 700 % RT.
HRROFEN=2— TV TH Y, D
Arousal, el 7D  Valence 7R L CW 5, =
DOFITIE, FIEE N— ANER L 720, HE
DIND = 2 — b ZIVEITK L TEBT UL,
BEDEMNAHL LR~y T2 BT 5 2
LSRR T a1,

EHEER

CYCY O CYere)
gi@i@i@i@i@i@
‘Qﬁﬁwqgﬁﬁ
‘ﬁ¢ﬁ¢ﬂﬂ¢¢
LRI YL
Q&%&%ﬁ?@
; OO

SEHEIE EMEE

2 BETY TOsl

PR
NS

CORKE~ Y TERIEHT UL, A7 A PRy
7 AMOBEKEHENEITE S, Thbh, M
BB~y TLoRERBLLKT L L
T, b BB A\ F 0 OB LR S HE e A
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Reblzo, HEERAIHETH Y, AHD
FOREREMRT LI EDTRETH S

2T, BlEY Yy TOBRRIIOWTHERL
TBEZV, BRPSERTVE X I12, EIF
ISR D D, —a— P IVREFEOLE
PEIZOWTIE, RETTHEZ1T). =2— 7
WUSDOFEDZREEIZ DV T, RIFZEOHE
Az 570, SHBOPEEL LI,

3.5 REYY TTF—IN—ZADIER

Za— MIVLREFFE T ETIERL, &N
HHZT 5L, WAL o THET 5.
Falx, o)z~ NI IVEEGEOSH
IR T 5720, —2— NI IWVEOZ T A
1) V?“%??of:[“’”“],

BRI, EfccERTEON, ek
K sz, —a— IV aEETE
ST AHHBIE O K 7 L — A28 L C, K-means
BETOITAY) YT %ATV, Za— kT IVIREH
Fx 167 T AYIIHH L7 (EBROKE, &
W7 T ATENR1I6THH72). LT, 167
T A OHFLOFEBFITH L TREIE~ v 7% ERK
L, &~y 77— R— 2% 0

3.6 EERORBEHETE

ML 2RIE~ Yy 77— N—2A %2 HMHTN
X, =2 — b I NVEFEOLRECHTEAE DK
B R WEKHEHEESIIRETE 5.

M3 FDMIA A =T ZR$. ¥, AJM
BOEFHENT A8 & 16HOEE~ Y 7ho
Za—MNIITEDORE T A= 2L, &
SEWESBVIEE~ v 72 ERT 2 (M30).

OETvTDhRiEs
&L, REELELN
BLTYTERER

* REEICITRE AT
A—a L TREETS

DEI, RLFPESEVEIEY Y TR0
TRT A=, ANEEOERE T X =5 %
WL, b HPEI B R E T 5
AHEEMI 7 M (3 @),
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 @FBRL BT
L O TRLELENS
LRENEETHEE

Valence=5.0
Arousal=2.5

3 RUBHENESX-DQ

HEBITERIE/ ST A — 7 LTI A, ZORE
. NHEPEIE~ Y 7% HRMERT 52 L T,
Wffe UCHERT A EDTHRTH L. HI21L
e YT A, 74T b
EEE~ Yy TRIET A2 LT, BEORRE
MEREL, KICHIEITMEOREL AL, #IE
M= TIZEPT LD TRETH 5.

4. RRIEHEERER

10 44 1400 LD {12 DT, HBRE HAL
LOOCV (Leave one out cross validation) % 1T
2R b h, 185 UKD T8 R
W7z, 9 1260 TRl Yy T 7 N— A
HERL, BoNEE~Yy T — I RN—2 %
AWT, B/l 400G HEET 5
&%, 10l (104457) #DaEL7.

R U Z DGR (e e 4l A 0 P 1 # k) 34
MAE) %7r79. human 3 10% O E8IEHE O
AR RO P IEICR 2 MAETH ), 2D
i (0.8~0.9) 1ZFL T &, ARV ARG
EWFEHTEXTWDH T L2 5. no-clustering
&, 77 A8 ) YT ERITDY, 10400 = 2 —
b NVEEOTFIGEIN L TIOEE~ v 7
L, TOKNE~ Y 7 HvCEIEIEE L
TAERTH D, 16clusters DERE~ v 77— 4
N—=ZDHERTH %. no-clustering ® MAE (X
Arousal, Valence & b IZ1.7~18FEFETH 5 D
I2xF L, 16clusters i 14RREICM ELTHY,
7 TAE) YT OMRDPHERTE 5. ATl
FEIZBIT D SOTAY L LARETH L Z L b,
7T 7Ry 7 AROFATIIE & FFEEE O Mg
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HER L72R T A bRy 7 AT BRIEHEE A3
BIT&7Z LRl T & 5.

&1 LOOCVIERENER (MAE)

Proposed method

human
no-clustering | 16 clusters

MAE (Arousal)| 0.86 1.77 1.41
MAE (Valence) | 0.92 1.73 1.42

5. T1Ahviar

RIFFEClx, E£IE» S OEEHEE L OEE
OERFISEWERE D S OKIEIEE, @QFIEFO
SRt (H— AW, @FEOSME (AW
M), OFEAFICLDLEZHE 0 b, OO
OFFRT B0, ERAIZEHL2AT A
Ry 7 AT O BEIEHEE T VIOV TRES
To72. LOOCVZERGEIZ LD, REFED
MGEx AT o728 25, REFLEOFMED R
T&7.

WIRIC, AW L-mE, 5%0
2DV T L 72\,
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BELTBY, 0L %7 —5 TXERES
Ty, SOTA L FBEDOBES R TE/I L

W, REPHERTEEEZ TV,
QOFRBEOLHE (F— AWHN) 122\ TIE,
FARED R > T\ b, RIFZETlE, =2— 7
NAEFEEOLERIZOVWTIE, —2— 5
REOr 25 ) 7T L, FHEhEE
ALTWEDN, =2—bFVUSNDEEIZD
VT, H—OTPIEFETNYZ PV Ve &
Vi ® VT WS 720, FHLL TV, K
KL, =a—FINEFEEITAY) YT LT
£, Ve £ Vi 20T H, 75 A%
VYT RITIRETH D, TNISHOREL
L7z,
@FEFBEOLRE (AWH) 2oV TiL, 40
X 20RO H RN A R HERE & L2720,
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BoHrb, WEAEORERLRWERNT
A—=F G e LIz, WL TEEEZ T
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LRSIV B0 R DR L i S A v HETE
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wETRIIBWTIE, FREICETTRETIE 2
BN T S, Vv — 7R E0IETH %
M, FEHCHET L I TcaERw [1]. F
7o, ZOOMESEF v AV EFRFFIIZFETT L L
LATEETH S [2]. 2D X)) REEHIFETT
5 2 EHFEHIC S AW RE R B OEEE, W
VAT EE (incompatible) Td % & IFIZILT W
% [3]. COWMMATREM, &1 & i
% — MR e B T b — IR IC BV
THERINTBY, HERDATIIED LS
%R BT O M ATRE R IEAAAET 5 2
ELbhroTWnh [4].

AT, —EREFRICBWTHEEO T v &
WAZ DWW T OM AT R % 3T 5 BRICE,
IR THDLEMRDIBELRIT ) LELD 5.
INET, TOFWROEIFTIZT v A VO
UATREEDS ED L ) IR L T B DD W0n
TOWMRIIHZEINT I o7z, 22T, A
ELTidmETEY PRERVLDS, Fr L
DWAT RS TR E DS DT ERAD
I ED L) ITHKAE T 2 2 AW [5]
oW THREETH.

2 EFFrRIIOmEIIATEEM

AT ORE L TERTRER). &
TR IE—D2 O Hilbert 22 H MY BE L T
%. Hilbert 22 H FOFH FAEHFE LK% L(H)
EELZEILT S TORIZBWTIRESKD
LY EAEIISH) = {p| p: H — H, lincar, tr[o]
=1, p=0}THZ6NAE. ETEYY POYAIC
EH =C*L e, KIREEIEBloch RN D ria
eER(a| < NEHWVWTp=51+a-0)&—
EHIZHOEDENSL., UKL, Bz dH 5
bITTzr bEMEINRLEIZL(H) = {Al A
“H — H, linear, A = A, ||A|| < oo} DIFITES
EH)={A|A€ L(H),0< A< 1}THbLbE
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n, REpIZBWTTZ 727 PEFMELLE
EIHERD Yes TH HHERII tr[pE] TH 2 51
5., RHPOLRKLE~NOF A FI 7 A%H S
DI EFF ¥ AV Id Heisenberg iR 12 BV Tl
HARAECPEARA - LK) — LH) THLDH S
Nb. 2T, ADCPEBRTH S LILEHD
BERTOEHAR (BEFABARLIIFRZ EIZT
%) LIKRCY) EANDOIRA ®@ idA dDfiEIZ &
LFIEERIZRLENWH)TZE (A>0THILE
(A®id)(A) >0 P LD &) TH 5. £z,
HATREEA(L) = 1 BB SN 5.
—WFERHOXRICBVTIE, Zo0&ET
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MEAER D 22T, SH)R.u:SK)IEt
T TIWVIREBEEEP SR 2EEG2HODL,
S(H) @y S(C) 1F L(HRK) DI B, E(H) X EK)
WHIBR LT 55 ARITES A0 DL 1 L
TExMb LI bRk ThD. Thbb,
p € L(HRK) D 9 b tr[p(lel)] =1&, 0 <
tr[p(EQF)] < 1% &TOHE € EH) L F e EK)
IR L CiliZzddoefThzons 20
S(H) @0 S(K) 1Z S(HRK) £ 1) b BLIZ i Z2 [
ThbHI LIZT s v 7V FIREE|¢) (4] 12D
THAORICERE (TE®EL) %L 7z (dT)
(|7 (p|) DIZDHFIZA>TWDBZ &7 S RTH
N5 F7 £SIEed s 77 b2
ENHRIZE ={B] E€ LH ® K), 0 < tr[pE]
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NDBEH) EEM)DERREER D, BT ¥
FIVA : LOH) — L(H) £ Ay L(Hy) —L(Hy)
AP-W I HETH 5 &1L, MILEAEA L(H, @
H,) —L(Hy) BHFEL, DT %7232 L Th
5.

AA®1)=A(A) for all A € L(H,)
A1 ® B) = Ay(B) for all B € L(H>)
A(P) Cc Po

72721, Py={AE|A >0, E € EH,)}ThH .
FELC, PALY S 2IEMED S bEUNT, ikigze
B S(H.) e S(H) WIS 2 & &, P21
fETd 5 T L BRI Th 5 EIERT &
=T 5.

3 EER

R B EFF v ROV ORI REMED S
BARDENFIZED L) IKSFS 2 h % HIH S
BT LR, —HGmEAT) LR TIREL
V. ZIT, b HE 2 BAFIIOWTRNS
CEET S BEHORBETE Y FR(H, = H,
=H,=C)ThY, EFTFrrleLTiE/ A
Z(0<n<1)2EDEHEF v IV

Ay(A) =na+ (1 - "

#EZD. (1-gh/ A XDESEHHDY.)

Theorem 1 =F v NMOEFT ¥ 1A,
&AL DSR/NTSET RE T H % 7200 D VB4 5
I T ORERNE -T2 TH A,

n+m <1 (1)

AEHOKE R, WEEOEFwmIZBIT 5505
ERA LA GETMREEMER) OLE
T4t ch .

mAm+1—m—n)’<1 (2)

LHRZ L, RANWIRETH 57857 A — ¥ HH
WITEIWZAWZ EEZHLDbLTWA, TNIZL
D, F ¥ AVOMILTEEEIE &R OEDHIZ
KAET 5 2 EATRENT.

E2AHT, FEBITH LT FEME 2 MFET A 720
DOFEBECTIENVIED L) By 5 v 7V LT
W EEZMET LLEIE R L, = D M
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E,®F, E, € &M, F, € EHM), A > 0, X A\,
=1}i2hbr 77 bEAETETSTH
L. ERosRic L (1) 2z 305(2)
B2 EHBWE I A E AL IZOVTIEENS
R ARFICEBR T L) @& TF ¥ AVIIHFEL
RS, Ein & ENIHET X O I BRI 2 BAR
THNTAAD1) = A(A), A(1®B) = Ay(B) %
W72T L) ROV HFETE. ZOGHRITAK
MR R D7ZH ). 2F ), ZOE
R 6 FHE SN B HNEAE R I BRI IT 523
TERVDESL D Z9) Tld v, FEE A
A (CPHEZT) ®mFF ¥ VA LIEER
D, EHy) — EHY), @y 1 E(Hy) — E(H) TV
TA = Apo(P,0P,) EEHEL ZEDNTEDHEIC
V&, AJJIREE p 2 WA IZ AG(p) N L B L 721212,
L7 7 NORFINRRAREZ & @ %ITR
SHERERAER S NLDOTH S, Lok
2o, FAIUTOL) RHLVY T ADER
\ZEP NS,

Definition 2 f/NW V. REZ mT-F v H VA,
CL(H) = L(Ho) &Ny L) — L(Ho) 1. &
FF xRN L(H @ Hy) — L(H,) & IEES
D, : L(H) — L), Oy L(H) — L(Hy) HHF
LT iz 3 & 212, BMEFHVITETH
HEVI), TEDA € EH) LB e EH)IZD
W

Ago (81 ® Bo)(A® 1) = Ay(A)
Ago (B)® By)(1® B) = Ay(B).

Z I T, RIS NZZEI AW /N L]
BB 7 T AXFIPE LWL RER 7 T A L —
l

C DFERIZE R B DBROFERTH

Theorem 2 mF Y v M LOmFTF ¥ 1IVA,
E N T TTRETH B 720D DLEET 45
FMZLTORGER 2752 TH D
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AFTIET ¥ AIVOWIALTREEIZDOWT, &
BARDBONS OFEY, BTy MO/ AR
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W EdSbhrol 72, BERI G ERDS
WEE TR & V) B A EA L72AS, i
g S TRVATIN: N ROE S b S e ST TRVAT N0/ ik)
BELE T DL LRENT.

BHGROEO)T & WL REEOBIR % RS
EVWIHORELHEELES LADELE, 5HOD
ISR EN WS, £3, KBTI
FFoEETE Y N oSSR RETF ¥ AV
DAHETHY, HOEEIZHET 2 o E %
H—FRINZEL Y SLOH &9 D Id e EN TR
V. RESTTHIA L 2 BB OFE I Clifford 144K
RG22 %) BAR 2 FHEICIKGE L TR Y,
— R ER R A O3 T =y I D
BRREPLETHA . T2, KRERWEREEE
L CTEBRORER D 5 HR R EFR RS &
WO LDOREZLNL. BTHR FRCETEY
N OIREEZEM % — iSRRI T 2 W Dh
DEFENHIE L E V) IFRITN OIS 5
B, BEREED DL EVIRIZINE TITh
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HRGEF P ZOERREEDH T LD RH
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