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A Survey of Three-Round Katz-Kolesnikov-Wang Protocol:
Zero-Knowledge from Symmetric-Key Primitives
via Multi-Party Computation in Pre-processing Model

Abstract

In this survey, we recap the zero-knowledge
interactive protocol that was proposed by Katz,
Kolesnikov and Wang at ACM-CCS 2018. There
are two features in the seminal work. One is
that it is a three-round generic protocol for any
given circuit that consists of AND and XOR
gates. The other is that the prover generates a
proof of knowledge by using only symmetric-key
primitives. The design principle is multi-party
computation (MPC) in prover's head, where
MPC is in the pre-processing model, which
causes a large set of choices of parameter values,

especially the number of parties.

1 Preliminaries

The set of natural numbers is denoted by N. The
set of n numbers {1, ..., n} C N is denoted by
[n]. The security parameter is denoted by A(€
N). A set of public parameters, which is denoted
by pp, means a set of values that are accessible
and referred to publicly. We often omit the
notation pp. The number of elements of a set S
is denoted by [S|. A uniform random sampling
of an element a from a finite set S is denoted as
a €r S. The bit length of a string a is denoted
by |a|. The empty string is denoted by e. The
concatenation of a string a followed by a string
b is denoted by a || b. “Probabilistic polynomial-
time” is abbreviated as ppT. Throughout the
paper, a key, a string or a number is denoted
with small letters (e.g., pk for a public key), and
the set of all of them is denoted with capital
letters (e.g., PK).

* hiroaki.anada@mi.meijigakuin.ac.jp

Hiroaki Anada”®

When an algorithm A with input a returns z,
we denote it as z + A(a), or A(a) = 2. When
a probabilistic algorithm A with input a and
a randomness 7 returns 2z, we denote it as z +
A(a; r). When an algorithm A with input a and
an algorithm B with input b interact with each
other, we denote it as CA(a), B(b)).

2 Generic Multi-Party Computation
[2, 5]

In this section, we summarize the definition of
multi-party computation that has computational
t-privacy against semi-honest adversaries.

Let n, p, ¢, K € N be natural numbers that
are bounded by a polynomial in A. Let f be a

map

{0, 1M x ({0, 13)" — ({0, 139", (1)
(-xswls"'?wn)'_)(y19~~-vyn)a (2)

which we call a functionality. Multi-party
computation (MPC) for a functionality f
among n algorithms P, . . . , P,, which we call
parties, is a protocol II; among the parties. Each
party P, @ € [n], is given a private input w; € {0,1}"
called a secret, while all the parties are given
a common input . We assume synchronous
communication among the parties over secure
party-to-party channels. Then, in accordance
with II;, each party P, sends a message msg;
to P; at a round k synchronously, where j = @
and k € [K]. After K rounds, each party P,
returns its result z; of its computation. Let
, w,) denote the set of all the

incoming and outgoing messages to/from the

vleW; (.T, Wy, . ..

party P; over all the K rounds, which is called
the view of P,. Also, let fr (wi, . . .

the restricted entries (y;)ier of the value (yi, . . .,

, w,) denote
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Yn) = (Yi)icp-

The protocol 1I; of MPC should satisfy the
following two requirements.
(Correctness) For each ¢ € [n], x; should be
equal to the i-th entry y; of the value (yi, . . .,
Yo) = f(wy, ..., w,).
(Computational ¢-Privacy) For any given subset
T C [n] of parties of size |T| = ¢, let Viewr (z,

wy, . . ., w,) denote the union of the views of ¢
cT.
. def .
Viewr(x, wy, ..., wy) = U View; (x, wi, ..., w,).
ieT

3)
The computational t-privacy assures that there
exists a PPT algorithm Sim, which is called
a simulator, that takes as input (7T, z, (w;)
sery, fr (wi, . . ., w,)) such that the following
identity-equality holds on the two probability
distributions, where dist denotes a probability
distribution over all the secrets (w;)ic as coins,

while z and T are fixed.

dist(Viewr (x, wy, . .., wy))
=dist(Sim(T, x, (w)ier, fr(wi, ..., wy))). (4)

3 Employed Multi-Party Com-
putation [8]

In this section, we survey the employed protocol
IIypc of multi-party computation (MPC) in
KKW [8], which is in the preprocessing model.

Outline. Consider first that IImpc is in a
normal model. Then the target functionality
of Ilypc is to compute an output bit of an
arithmetic circuit C' (over FF,) that is given a
witness string w, and each party is given a share
of w as input. In contrast, in the preprocessing
model employed in the KKW MPC [8], each
party P;, ¢ € [n] is given a share [r,]; of a
uniform random bit r, for the input wire «,
which will be used to mask the bit w, of the
witness w. Equivalently, every share [r.]; can
be sampled first, and then the masking bit r,
is computed as the summation of all the shares
([rali)icpy - (Further, in the KKW MPC-in-the-
Head protocol, the prover generates all the

shares by using a pseudo-random generator and

a random seed.) Then, for the input wires a4
and B4 of every AND-gate A, an auxiliary bit
[7’“"7;3"}” is computed. Overall, all the shares of
index ¢ are given to P, and in addition, all the
auxiliary bits {[r.,s].} are given to P,. After
these preprocessing computation, each party P,is
given the masked input W, for every input wire
a for the protocol execution. Then the semi-
honest parties (P)ic, broadcast each other all
the shares to compute the masked value of the

wire value w, for every wire « of the circuit C:
Wy = Wy ®Tq. (5)

Details of the procedure of the protocol

ITmpc.

1. Preprocessing: For every input wire «, each
party P, ¢ € [n] receives an independent uni-
form random bit [r,];. Then the summation 7,
: = Dicp [ra)i is computed (by the the prover
in the case of the KKW MPC-in-the-Head
protocol). Moreover, for the output wire 7,4
of every AND gate, each party P, i € [n]
receives an independent uniform random bit
[, ]~ Then the summation 7, : = @iy [, ]
is computed. Moreover, for the input wires
ay and (x and the output wire vy of every
XOR gate X, each party P, i € [n] receives
[rJi == [ra)i @ [rs]:. Besides, the summation
Ty = Ta, @ 75 is computed. Moreover, for
the input wires a4 and (4 of every AND
gate A, each party P, i € [n—1] receives
an independent uniform random bit [ry,,s]:.
Besides, the multiplication 7. ,5 = 7475,
is computed. Furthermore, the summation
[Foidn 1= Tows, ® ( B ey [ray0])) s
computed. Finally, let |C| denote the
number of the AND-gates of C. The auxiliary
input aux € {0, 1}/ is computed as the
concatenation of each bit [r,,s]. over all the
AND gates of C.

2. Receiving input: Each party P, , ¢ € [n]
receives as input the masked input @, := w,®r,
for every input wire a. Moreover, each party
P, | i € [n] receives as input the share [r];
for every output wire 7. Besides, each party

P, i € [n] receives as input the multiplication
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bit [ra,s )i for the input wires oy and 34 of
every AND gate.

3. Executing protocol: Each party P, i € [n]
executes the following computation from
the gates connecting input wires towards
the output wire 7o of C. Below, for a gate in
question, @ and [ denote the input wires and

v denotes the output wire.

e For an XOR gate, compute 0, := W, @

e For an AND gate, compute [s]; := W, [rg];
® Ws [1a]i ® [ragli @ [1)i - Then broadcast

[s]: to the other parties, and in turn
receive {[s];}jcin, jui to construct s := D cy
[s]; . Then compute @, := s @ W,Ws.

e For the output wire v¢ of C, broadcast
[r,J): to the other parties, and in turn
receive {[r,];}jep, s to reconstruct r, =
@ ey [r,)i. Then compute w, = W, & 7,

as the functionality value of its own.

we remark that in the above protocol execution,
each party P sends |C| + 1 or |C| shares to the
party P, j = 4, in total. The former is the case
that the output wire of C'is an OR-gate, and
the latter is the case that it is an AND-gate.

Fact 1 (KKW [8]) IIMPcC has correctness.
Proof (sketch). For any OR-gate X, the equality
w, = w, & r, holds due to the computation

T, = T, @ ry_and the same computation for

their shares. For any AND-gate A, observe the
following equality.

iy, =5 a,p,
= (Da,7py © WpiTay ®Faypy ®Ty,) © Wa, s,
= (Do, ® Wp,ray D Taypy © Wayidp,) S 1y,
= (Do, +7a,) (Do, +Tay) O1y,
= Wa,Wpy Sy,

= Wy, BTy,

Therefore, for any gate including the output
gate of C, the equality @, = w, ® r, holds.  []

Fact 2 (KKW [8]) If the used pseudorandom

generator PRG has pseudo-randomness and Cmt

has computational hiding property, then Ilmpc
has computational (n—1)-privacy against at

most (n—1) semi-honest parties.

Proof (sketch). The claim of the theorem follows

from the n-out-of-n additive secret sharing. (See

(8].)

4 Three-Round KKW MPC -inthe-
Head [8]

In this section, we recap the X-protocol that was
proposed by Katz, Kolesnikov and Wang [8] (the
KKW protocol, for short). It is a protocol for an
arithmetic circuit C over [F,, for which a prover
generates an honest-verifier zero-knowledge proof
of knowledge (HVZKPoK) of a witness w such
that C(w) = 1. In its origin the protocol is in
the paradigm called “MPCin-the-Head” that was
initiated by Ishai, Kushilevitz, Ostrovsky and
Sahai ( [6, 7], IKOS). The IKOS proposal was
actually a black-box transformation of a protocol
of multi-party computation (MPC) secure
against semi-honest corruption (of all-but-one
of the n parties) into a three-round HVZKPoK
protocol. In the IKOS paradigm the KKW [§]
proposed a five-round HVZKPoK protocol for
a general circuit C by effectively exploiting the
“preprocessing phase”. We recap in this section
the three-round version, which we denote by Iz,
that is actually a X-protocol in the sense in the
literature (for example, see [1, 3]).

First, we prepare for notations. IImpc denotes
the employed MPC protocol, which is to
yield IIg. C) |C| and P, . . .

notation as in Section 3. M denotes the number

, P, are the same

of emulators of IImpc, which are executed by the
prover P (in its head). 7 denotes the number of
the emulators selected by the verifier V. Thus,

(M, n, 7) are the parameters of Ix.

Details of the protocol Il for a circuit C.
Now we describe the protocol Il in detail, and
state its security properties.

Input) A prover P and a verifier V have a circuit
C; P also has a witness w s.t. C(w) = 1.
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Round 1: P) For j € [M]:

1. Choose seed*; €, {0, 1}" and use it to generate
seed;,, r;y, . . ., seed;,, 7, += PRG (seed*)).
Also, compute an auxiliary input aux; € {0, 1}
(See Section 3.) Set state;; := seed;; for i € [n—
1], and for ¢ = n set state;, := seed;; || aux;.

2. For i € [n], com;; «— Com(state;;; 7;,).

3. Emulate the online phase of IImpc by using
(state;,)icny, w and “masking values” (7;0)a:an-
Let msgs;; denote the messages broadcast by
P.

4. Compute h; <= H(com,, || . . . ||[com;,,), choose
7 €x {0, 1} and 1 H( (W) ainpt || MSES;1
[| .. .|| msgs;, ||r;). (For the “masked value”

Wjq, see 3.)

Compute h <= H(h, || . . . || ha), K < H(R || . .
|| W'u) and h* <= H(h, &'). Send h*.

Round 2: V) Choose C C [M] s.t. |C|] = 7
uniformly at random. Also, for j € C choose p,
€ [n] uniformly at random and set P := (p;);ec.
Send (C,P).

Round 3: P) Send the followings:

7= ((Seed;’h;’)je[M]\C, ((statej i, 7ji)izp,»

Comj,pj1 (lz)j,w)a:input, rj, mSgsj,pj)jec)' (6)
Verify: V)

1. For j € C and i = p;, com;; = Com(state;, ;

r;;) and h; <= H(com;, || . . . || com;,). For
j € [M]\C, compute h; as P does.
2. Compute h < H(h, || . .. || hu).

3.For j € C and ¢ = p;, generate (msgs;;)
iwpj Of IIMPC by using (state;; )i, (Wja)ainput
and msgs;,;. Then compute the output bit
b; of C. If b; = 1, then return 0. Otherwise,
compute h'; <= H((Wja)ainpue || Msgs;i || - - .
|| msgs;.. || 1))

4. Compute W' < H(W, || .. . || P'u).

5.1f H(h, h’) = h*, then return 1, and

otherwise, 0.

Fact 3 (KKW [8]) Il; has completeness.

Fact 3 follows from the correctness of IImpc and

the correctness of the commitment. L]

Fact 4 (KKW [8]) Il has special soundness.
Fact 4 follows from the correctness of IImpc
and the computational binding property of the

commitment. O

Fact 5 (KKW [8]) II; has honest-verifier
zeroknowledge property.

Fact 5 follows from the computational (n—1)
-privacy of IImpc and the computational hiding
property of the commitment. ]

Fact 6 (KKW [8]) Il; is a Y-protocol that

has knowledge-error € as follows.

e(M,n,7) = max {L} (7)
M-t<k<M (MA{T)nk—(M—T)

Fact 6 is due to Fact 3, 4 and 5 except for the

claim of the knowledge-error €. € is evaluated

as the probability that two challenge messages

before and after rewinding (see [8]). U]

Due to Fact 6 the Fiat-Shamir transformation
[4] is applicable to IIp, and we obtain a non-
interactive zero-knowledge proof of knowledge
system that is secure in the random oracle
model, which we denote by NIZKPoK = (P, V).
On input (C, w), P computes the first message

h* of Ty, then it computes
h < H(C,h), (8)

where we use the hash value h € {0, 1} to
determine (C, P). Then the non-interactive proof
7 is

#:= (h,n), (9)

and P returns #. On the other hand, on input (C,

#), V computes Overall,

NIZKPoK = (P, V), (10)
P(C,w) — #, (11)
V(C,7#) > d e {0,1}. (12)

Fact 7 (KKW [8]) NIZKPoK satisfies the
three requirements of NIZKPoK.
Fact 7 is due to [4]. U]
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A Note on Index for the Dirac Operator on the Graph

Abstract

In this note, we discuss an index theorem for
the Dirac operator on the arbitrary graph. We
here would like to point out that the index
of the overlap Dirac operator on the graph

characterizes the complexity of the graph.

1 The overlap fermion on the

graph
We consider a connected and directed graph
(digraph) G with ny edges labeled by e = 1, 2,

., np. We also define edges € by the opposite
direction to each edge e. Then, we will combine
the edges in both directions and label them by e
=1,2,...,2np

In the paper of [1], we have developed a
construction of the Dirac operator on the graph.
There two kinds of fermions, one on vertices and
one on edges, are needed. Integrating out the
vertex fermions yields a Dirac operator acting
only on the edge fermions. The action for these

fermions is given by

S =P,
where the Dirac operator

D= Loy —qW,

is written in terms of the identity matrix I,,, of
size 2ng and the Hashimoto matrix (edge adja-
cency matrix) W [2] with a real parameter ¢
between 0 and 1 .

The partition function for the above fermion

action

* kazutoshi.ohta@mi.meijigakuin.ac.jp
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2ng
Z = / [[p¥eDwees,
e=1
reduces to the inverse of the IThara zeta function
(3]
Z =det P = det(Iy,, — qW) = (alg) ™"

The significant property of the Dirac operator
is that [P satisfies the so-called vys-hermiticity

75@75 = lDT',

where 7; is defined by

(0 I,
5=\, 0)°

Thanks to the vys-hermiticity, we can construct

the overlap operator on the generic graph via

1
LY B

a \/ﬁ

where a represents a scale parameter. We can

$0V =

show that the overlap operator satisfies the

Ginsparg-Wilson relation
Eov’yf) + 75E0v = a’pov,ykr)@ov °

This means that the chiral symmetry on the

graph is violated at the scale of the order a.

2 Index on the graph

Once defining the overlap operator on the graph,
we can develop the index theorem on the graph
as well as on the lattice.

Let us now introduce a modification of the ~s

matrix as

! Precisely speaking, the Dirac operator discussing in
this note contains the mass term associated with the
parameter q.
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a
F5 = <12"E - §D0v> .
We find that this I'; anti-commutes with the

hermite operator H = v;0 ., namely

HF5+F5H:O

If we denote the eigenvectors of H by |n), we
can show that I's|n) is also an eigenvector of H,

since we have
HF5 |n> = _F5H |n> = _/\nFS |n> 5

where A, are real eigenvalues of H, satisfying
0< |\ < 2

2 . So the eigenvalues of H always

appear as pairs of (A,,—\,) for 0 < |[A,] < 2,
The cases of A\, = 0,£ % are rather special and
eigenvectors do not need to appear in pairs. In
particular, the eigenvectors become eigenstates
n) = =£|n) in

2 )
these cases. Moreover, for A, = £, we find

of 7; (chiral states), namely ~;

2 a’ 2
O e

n) = 0. So these states

correspond to the doublers.

which means I’

Using these observations, we can obtain the

index theorem on the graph

Indp, , =TTy

= Z (n|Ts|n) + Z (n| s |n)

An=0 0<\>\n\<%

+ > (n|Tsn)

An=%2

=3 (nlvs In) =y =,
An=0

where n, (n_) is the number of zero modes with
positive (negative) chirality, and we have used
the fact that the zero modes (states of A, = 0)
of H coincide with that of I .

Noting that Trvy, = 0, the index can be
expressed in terms of the original Dirac operator
(not overlap operator) on the graph by using the

matrix sign function of v as
1
el = —3 Trsgn (v D),

namely the index is given by a half of the

18

difference between the number of negative and

positive eigenvalues of ;1 .

3 Poles of the graph zeta
function and the index

Recalling that the Dirac operator is written in
terms of the Hashimoto matrix, which yields the
Hashimoto expression of the graph zeta function.
If we denote eigenvalues of the Hashimoto
matrix by w; (i = 1, 2, . . ., 2ng), then the
inverse of the graph zeta function reduces to

2ng

Cla)t =TT - quws).
i=1
So we see that the inverse of the graph zeta
function is a 2np-th degree polynomial in ¢, and

the poles of the graph zeta function exist at

g =1/w;, (i=1,2,---,2ng).

The poles of the graph zeta function g;
are distributed on the complex g¢-plane. The

eigenvalues of the overlap operator exist roughly at

1 1—- ;
e
namely they are distributed along a circle with
center (1/a, 0) and radius 1/a in the complex
plane.

If ¢ is a complex number with Im ¢ # 0, the
eigenvalue of I),, also becomes complex and
corresponds to the case of 0 < |\,| < 2 as the
eigenvalue of H. If ¢; lie on the real axis on the
complex ¢-plane, namely Im ¢; = 0, then they
become eigenvalue A, = O,i% of H. In particular,
the zero eigenvalues of H come from real poles ¢
satisfying 0 < ¢; < g, whose states contribute to
the index.

To check the above observations, let us
consider a concrete example in the case of G
= K,—e, which is a graph consisting of two
triangles. (See Fig. 1.)

For this graph, the inverse of the graph zeta

function is factorized into

Crame(q) ™" = (1=0)(1—¢") (144¢+2¢*) (1—¢*—2¢%) .
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Figure 1: A graph of K, — ¢ (double triangle), which is
obtained by removing one edge from the complete graph
K,.

Then the graph zeta function has 10 poles at

-1+
q= 717 Wo, 17 17 W, +ﬁ7 :tlv
where w, = 0.657298 . . .
... £ 140.652576 . . .

conjugate roots of 1 — ¢* —

and w. = —0.578649
are real root and complex
2¢° = 0, respectively.
Assuming the parameter region such that 0 < ¢
< 1, we can expect that the index is changed at ¢
= wy, since this is an isolated pole on the real axis
and contributes to the zero modes when q > w.
Indeed, if we plot eigenvalues of H as a
function of ¢, we can see a single zero mode (A,
= 0) suddenly appears when ¢ > wy, although
other eigenvalues take values near A, = +2/a.
So we can conclude that the index for this graph

is given by

0 for g < wp

Indp,, = {

1 forqg>uwy

4 Complexity of the graph
and the variation of the index

Here we would like to discuss a relationship
between complexity of the graph and variation
of the index.

Fixing the number of vertices, we can consider
a family of graphs with different number of
edges. The simplest graph having non-trivial
graph zeta function is the cycle graph C, with n
vertices and n edges. For this graph, the inverse

of the graph zeta function is given by

CCn(q)_l — (1 _ q2n)2.

19

So there is no non-trivial pole on the real axis
between 0 and 1, and the index always vanishes
for any gq.

Among graphs with n vertices, the graph
having the largest number of edges connecting
every pair of distinct vertices is the complete
graph K,, which is also the regular graph. It
is known that the eigenvalues of the adjacency
matrix of K, are n—1 and —1 with multiplicity
n—1. Using the Thara expression of the graph
zeta function, we find that the graph zeta
function for K, has poles at ¢ = 1/(n —1) and
q = +1 on the real axis. So the index for K,
jumps from 0 to 1 at ¢ = 1/(n—1) for 0 < ¢ < 1.

Similarly, for a connected regular graph with
the degree-d vertices, there is no non-trivial pole
on the real axis between 0 and 1 except for ¢
= 1/d if the graph is Ramanujan. The graph
is called Ramanujan if the eigenvalues of the
adjacency matrix are given by d and other
eigenvalues with absolute value less than 2vd—1.
In this case, the index jumps from 0 to 1 only at
g=1/dfor 0 < g<1.

A graph zeta function of other complicated
graph with sufficiently large number of vertices
and edges can have various poles on the real axis
between 0 and 1, which contribute to the zero
modes and change the index at several points of
¢. In particular, the graph zeta function of a grid
graph (lattice) and its slight modification; e.g. a
random graph generated by the Watts- Strogatz
model (small-world network) [4] exhibits these
properties.

In Fig. 2 (a), we plot the poles of the graph
zeta function for the graph of 100 vertices
generated by the Watts-Strogatz model with
rewiring probability p = 0.1. We can see that
there are several non-trivial poles on the real
axis between 0 and 1, which contribute to the
zero modes and change the index at several
values of ¢. In particular, the index has a
maximal value 8 near the radius of the pole
distribution of the graph zeta function, since the
poles on the real axis satisfying ¢; < g contribute

to the positive chiral zero modes. (See Fig. 2 (b).)
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(b)
Figure 2:(a) A plot for the pole distribution of the
graph zeta function on the complex ¢-plane. (b) A plot of

the index as a function of g.

5 Summary

In this note, we have discussed the index
theorem for the Dirac operator D on the graph,
associated with the graph zeta function. We
have shown that the index is given by a half of
the difference between the number of negative
and positive eigenvalues of v:/0, and also that
the poles of the graph zeta function on the real
axis between 0 and 1 contribute to the zero
modes and change the index at several values of
q. The index theorem on the continuum space
is known to be captured by the topological
property of the manifold. So we expect that the
index on the graph is also useful to characterize
the topological property of the graph. In
particular, it is interesting to apply the index on

the graph to the gauge theory.
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1 piERiemannt—9{&

DFpaHEHEL, ¢2p=4 ¢=p(p>2)
LED L. pitERiemann ¥ — Y HA IR TERT
5.

. jx2ll ol 4%, piRiemann
Y= fti% ((j):= L(jw ) LEDEL. T
L,(j,w'™) 1& Teichmiiller {5 1% w @ (1—7) 12K
9~ % Kubota-Leopoldt @ p i LD j TOET
H5.

ERN L j 2L EOBETHIL, ()=

Thsb. 3ULOHFHGITHL T, KEMEL
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COMEIZOWT, MHNTWDDIRKRD?2
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EHE1. (F. Calegari, [2])

p=23% LT, ¢3)¢Q.

EIE2. (Calegari, V. Dimitrov, Y. Tang [3])

G(5) ¢ Q.

F. Beukers | [1] T, pi#AR1) 7> ~HEEOMH
OFHEP AN T2 28128, EH1DOT
AERH & 5.2 72, ARG TIZ Z O Beukers |2 & A5G
ROPLIRIZOVWTEH LS.

' RA Tate EF — 7OBEDS, ((3), gp()
R TH D EFREENT VYD
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2 pEERUBITEBEZOME

EZ. J. Diamond ® pHE1 77 ¥~ BIELG (=) %

p—1

Gp(z) == limp~ "Z (z + k)(log, (2 + k) — 1)

k=0
LE®D D, 22 Tlog 3 p X HEETH 5.
G, (2) \TROWE %72 §
M8, 1. G,(2) 13C,\ Z, L RFTAIT %
2. Gy(z + 1) = G,(2) = log,(2).*

3.Gpl2) = (2= - Z+Z£§Ii -

(|2, > 1). & ZIZBIIEEHE Bernoulhiﬁff)é
4.Gy(1 - 2) + Gy(2) = 0.
ER. stHRBET 2.

VBIEEG () = (1)

HERY T <A W CpiE
= HIZRDEHIZFEENS.
fHiEE. j%SU\J:@—riflc‘:T%
LR RASS Cp

logp

sTHpHERY A
() LCRDD

Riemann

K DERD
V(a/qp).

0<a<q,,/2

ZOMENS [1, GV (a/g,)(0 < a < q,/2) A
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3 TR

Beukers [1]12 & 2 pitEAR Y 77 2 < BB OfED
IR e 2 AT .

T3, a%p TENLVEY, F r 2 FER
EL, PIFERET D, TOLZRMPY D,
(1) logF—}—Z%—i—? < 2rlogp+2§%f NS AYA

qF

oLE GYa/F)¢Q

P ZOWENS G (2) dpiE T 7 B IFEN S
G (z) ORS00 5, 2V EOERsICR LT,

¢M1*2@4+%ﬂHQW1W>U
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(2) log P+ D8t +§ < 2rlogp + 2058 A9CY
alF

Vo E, GY/F)EQ
INLORITENZNGT (2), GY (2) D

Padé TP RIS 5 2 & RSN AROE

FRIZINS 2 —RILTHHDTH 5.

4 IFFIE
FEIE3O—f b L TROZOOEHRD GO,
EE4. [4, Theorem 11.1) d, my, . . ., m %

FEEHEL, a= (v, ...,¢) QT 5,

a=0&L, ay—a;¢ 7 (i) Zii7zvE&v5.
r € QIR LT, d, m, alliKAFT 5 effective
%R C=C(d, m;, @) TROFEM %723 b D
PHAET 5. log |z|, > CTHIE, YL m+1
Q7T

GP(r+ar),...,Gr (@ + o),
G;Q)(x +ay),..., G£m2+l>(x + ay),

BIUP1EQ =M THS.

EES. mZ 4L EOBEE T D mIKLE
3 5 effective 72 I C'=C"(m) TIK D 5=+ % i
TS OPFEET S, log |z, > O THNIIL,
m/2M8 D Q,DIT :

1,GW(2),GP(x),...,Gi" (),

ZQ E—WMITH 5.

EIE4, TESPEONLHHBIEZ, pEo s
< EBOME2., 4.0 5 pilE R U~
Wb HRERELM T LIC kb, FEH
X, InooESHFREAETHWT, p#ERY T
>~ B RO Padé it Lo BARIRE R (Rodrigues
AROEBEH), A Mellin 223 0038 A |2 £
% pHER) I < BRSO Padé PO MEE
OEM B LU, Padé BB O DK & S FEAM,
H 2 Padé T A 55 5 N A 1T HI KD ED IEE
W bRRTIETREINDS., INHOFEHIE
ETRAWLHERICIV 2SN LITEEL
THL.

LG () DM 2. 05 GV (2) 1S K G (a+1)—
GY()=(-1)"" (s = )/ AT, ZDObpiER
Iy~ O R B EOMIEMI S E RS 5 7
DOIZME L FEMHTH D .
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PBRIE, —RICKRR 2 R Rt E o, 401
FIRA B oW W R i LY/B S O OF AN G AL
DT TOARZEREHVCRAB S NS, Lizato
T, ZOL) BAEROEREHL,IIT L
NI EARY L EENDH 5.

AR, TRT B & O O 58 T
WEIOEMIC D) FFIZL AN TE
72 ARTCHRI TR — 2 BER OREAY (1] O BRI %
MUEAL R OB EZ TN, THAEFTH S
PHMON L HMAZNGmE HWTRLB TS %
TEEHLNIILZ2. AT, B0
Rl B0 T, EESHER T BHEICHRE T
5.

1 BN — D ERD R

FNEBECERNFOEFRMEERIE, £7T4
Foer — VHERoOEMIZ L RIS, KA
OMF TR T 575 —VHGHE MR I LT, &
FFICBT 284 ZWHEBIEPFH S CTw
L. 1220, [F—VHEEEHC] 0IxZH
BT, BEmPiidtEoaile, KK
B REEELTET LS. Ihodlicio (EF
HEFEREDERNEEOET, HEMEHOS
BARTTO T — T B T A Ze LIS I <
iR, FIEEHETHSL) EEZLNTE,

ZD &) R, 1994 4F 12 Seiberg & Witten (&
4IRTTN = 2BRFRT — DHEROMRT A )L F —
BEEIH AR L72[3, 1], o2 ko720,
FERAEE I CHB T AR L3RR ), &
WBXFREE b ORI TH ), F2H
2% (FREIREE) fHEofwv v F—2 77—
IZBRZ &) FIRf[FETlddH o725, £ T
DMHENEH DB % 4RTTT — ¥ Bl D R WA
RohoizZ bid, URKERHETH 72
4RICN = 2HBRIR T — VHLFRHR° £ D Seiberg—
Witten fi# 12D CIE, GRS R, A
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B, 2ke IR R Z I L O
DRV ISZEDBRNTROhoTBY, £
O BER 72 X EE B O — K58 & L CIER W
TV,

Seiberg & Witten 25 ALY o 72D 13 #x
D H R SUQ) 7 — VHEEROBRIITH 55, 2
TUZIEWE (71— 7 1I2HY) OB AINFIZ
L0 OP0N) = a YHPGAET DS,
WIS — DHEOERE CEESMIZH U 572012
X, WEBEILME IR ST, FoKicidk
A5, FCTh, EREIWEYZ LR
DADANTER (N, = 4188 X, ZOfMo
BERL LA 2 B )| fR A e BRR VIR
LHENERY. TO—2& LT, LIV THHAYT
B BIEAHE & Spin(8) ZH AR A L 7242
BRERZ O ENFITHNS.

2 Ni=418BIESpin(8) =&

Fea OEGHRTIE, B EWHITE CUT
W5 L DODOEEIZFESETIER L, TokEE A
W2 B3 TERw. EZIEBTDLD
REWMOBRIHFIET 505, N2 % DOk
Fevio Mg (£ K—)V) ITHFEEL R
V. b b, Fae oI EY LY
AN Z BRI v, —T, Ny = 48R
IR ORFREE O, IEREICIE, B &
Wb e AR Z 5 EFBRIC, S OB &
GAhR, 7ol ZITETEE S R-IVOBEHED
W IC AR 2 2880 X 22 LD, 2
DR FRVELERAS P & HHEN 5.

Ny = ABEHNZ N 2 RS, Ao Kk
Byt Rk & MG D S o T, SL(2, Z)xSpin(8)
DO WL X TE T 5. SL(2, Z) &,
BT LT D2 NS % b F v —T X7 My
R, BRI VHEERNERT 5. Bl
B LG O AN, 7 — VA ERI
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AERDOAOOWERIH LT, I RS
B LEWEE (7L —N—xFtk) & LCfE
M3 %. SL(2, Z) & Spin(8) AP ER % 2§ DI,
BT, B/ E—NV, FAF D Spin(8) D3
DR DL8RILEBE L TR EE) 720, Th
5O AN Z AISL(2, Z) 2 & Spin(8) DAMER
HORMERZFFFICH SRS I EI2L5.
Z O Spin(8) D 3D DH7% B 8IRTLRILD A ik
RN & B 3RDOKSFREES; DX FRIEIL, Spin(8)
ZEME (triality) EFEIEND.

3 D, =E¥FZE=

N; = 48R D Seiberg-Wittenf# (72 b H 7 —
O A B B IR 2 FER 5 %) 1,
B AETREHEZ b L, HRT7— VHEaER
B X 4O DOWEY; DE 8 m,, m,, my, myIZ &
DINTARTAXENE, FEREEEZILD L
TAMEA BRI, 1, {m)OBE LTE
END. WEBPOTEZVWEREZ DL E, I
R D SL(2, Z)xSpin(8) X FRIEILE /A B 5
B, ZOWETH GRS I 2% %
S LT, o7, {mi} OBFF 2 BEETIE % < HIBR
SN E L. CoRlREm -3 BEkE, K
ED,ZFHEUEALELNFRZ LT 52, (D,
(& Spin(8) I BT BV — M ROLIHTH 5. )

DFC, D=\EUAL®E DML 72
EFREBND, (EMHEZERICOWVTIE],
Definition 2.1] #Z M. ) I'(2) Z SL(2, Z) D LN
V2o EEFEGH, W(F), W(D,) % e
NWV— bRE, D,OWeyl#t&$5. 20DEHE
[ 21545

11 SL(2,7) — SL(2,7Z)/T(2) = Ss,
¢2 : W(F4) — W(F4)/W(D4) = Sg
DD S, % [f—MH LT, 774N~
G = SL(2.Z) x5, W(F})
={(g,w) € SL(2,Z) x W(Fy) | d1(g) = ¢2(w)}

wEFT A, LI (1, my, ma, ms, my) 75,
COVERICE L TEY 25 —BR L OARELIH
RERY, O ATEA

lim | (7, m1, ma, ms, ¢ /?A)| < o0
q—0

(4=, 0 < |A] < o0)
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wilirzy L& Ihae D, ZEWHALZEE V.
R CE N AT RME, N, = 4B 5
LD W E S DR e WEEBEIN DY) SARTED
TU—%Ez RN, WEEPEHL B 2o
DML LT, WEHNEAEISEFE SN,

4 LHEIAERIGE

SC, FELREREABRDLIZH-D, LaK
FOMSE L2, Ble, yOnREIKRZHR
%, 2 $nkKIE3L (binary form of degree n)
Evd . (DT TREI2EBOEEZHRD O
T, HiIZnkERXEFEL) T2V, 2nkIER
BEROLTEHIENRT MVERET L, 2L ziE
2KIERNL— M2 fo(z, y) = ax® +bay +ey’ (a, b,
ceQ)LELZENTE, V,2C,ThHD.

ZHx = (z,y) 12g € SL(2, C) & = gz &
TERT 2L &, nRIEA fu(x) =2 aix”" 'y’ ~
M SL(2, C) 1A %

Fol@) =Y a" "y =@ = fu(@)
=0 =0

WCEDED D, SLQ2, C) TEH Db & T, 7 %{a}
={ay, ay, . . ., a,} DRKZHEA ®({a}) 12, {a}
THEEXETE—HIIITOLEN TR L LT
Lhd. LA RMAGDEE LT, T
HEOSL2, OFEHICH LT

‘I)({fli}) = q)({ai})

2T HONHFET S Ik n kA,
DOARZER WS, 728 2 IR D = v —dac
X2 IER fo(z, y) = az® + bay + ey’ DAZER
Ths. 72, {a} OB L {z, y} DD Z
NZNZOWTORKREZEHX ¥ ({a}; ) TH o
T, EEDOSL(2, C) fERIZA LT

V({a:} ) = U({a;}; @)

iz T b D%, folEXE NS 2k 2iE
LEFEERERTHD. 512, nikERX f.(x)
= Y g aa iy Em BB gl@) =T by
Wxh LB SL(2, C) fERx £ 2 5 & &,

e({ai}, (b)) = e({ai}, {b}),
V({a}, {b}2) = v({a}, {5} @)

i TEKRSGIHEHA D, U E, FNENL & g,
DN AZENX, HIEKX ).
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ThEZ %Y. ThHORIZENTN
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EREIND. RIS, f, & g, DETAZENE
fRotg, @ IEXNEEORIE, Thth
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720,
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KDL, WINSBZHEARE 252 L3 X<
MoENTW5E, LZ2AD, D=BEUALRD
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WZFEAEICTH 5.

FOC[2] TIE & BT, Seiberg-Witten fift & %
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§(A, B) = a(P({p:} : (A, B)) = ) +4

2T b ONFIET S, /2L, 22T, P
[} : (AB) EIRIHEHRY — 4 O HIIHERE T Iy
D, a>0,0¢€RIZEH B =maxc,cy compii
P{p) : (CuCy)) RIEIEHY — A DRAHI)
WHETH 5.

BAR R MGEZ BV, FaiEmr —as 35
BIE T — L OMIHER DR ETF ISR E W
IFERBW. 22T, HRIZUTOE I EA SN,
B = Iﬁﬁi (c ,02):cr(r)lrlrl1lpatible

(P({p:} : (A, B)) = P({p:} : (C1,(2))).
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COmIE, WV AT REEOMREDES A 5 HL7z
HR G EemIRE & 7 > T\ 5. minimax EEL
EPIEEMEITENEIC X Y DTS NS,
T (with T. Heinosaari, in preparation)

A(A,B) = I‘ﬂln{)\|

min
(C1,C»): incompatible
AN >A-Cy,B—-Cq}

CO®EIIWHEOELIREICL o THEAZINS
NEFEIZOWTOHIAIC R ERNRENS. F
7z, HAZR Q4 = {ao, i}, Qp = {by, b1} DA
W2iE, DToORBED D AME515.

Aoy = 3(=3+ 9+ 2 [Alao), B |
— (V(Ala0) + V(B(E)))'?)

72l VX)) =X - X ThA.

SEX

[1] Teiko Heinosaari, Takayuki Miyadera,
Mario Ziman, An invitation to quantum
incompatibility, Journal of Physics A:
Mathematical and Theoretical, 49, 12,
123001 (2016).
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